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ABSTRACT

The yehu is a Chinese bowed string instrument featuring a res-
onator carved from a coconut shell, a seashell-based bridge, and
two silk strings. This paper proposes a physical model of the
yehu and reports on simulations using a finite-difference scheme
with measurement-based physical characterization. The proposed
model consists of two stiff strings coupled at the bridge, a bow
with elastic bow hairs, a stopping finger, and a modal model of
the bridge. A non-iterative solver based on energy quadratization
is used to model the finger–string contact force, while an itera-
tive solver is used for elasto-plastic bow-string friction force. The
bridge-body model is based on a modal characterization obtained
from the measured bridge admittance. The measured radiation
transfer function is represented as a bank of parallel second-order
filters and is applied to the simulated bridge force to incorporate
body radiation characteristics. Finally, computational performance
tests are conducted, showing that the proposed model is capable of
real-time computation.

1. INTRODUCTION

The yehu is a bowed string instrument with two fixed silk strings
(typically tuned to F4 and C5) and the bow positioned between
them, as shown in the left of Fig. 1. The instrument does not have
a fingerboard. To vary the pitch of the instrument, the player uses
their fingers to stop the strings directly. The two strings are close
together and the performer typically stops both strings simultane-
ously. At the bridge, the strings press against a seashell bridge
mounted on a wooden plate that is rigidly attached to the carved
coconut resonator. The effective vibrating length of the yehu string
extends from the restraining loop to the bridge. However, to cap-
ture the string-bridge coupling dynamics, the strings are modeled
over an extended domain from the restraining loop to the stub, as
shown in the right of Fig. 1. Although it is possible to excite both
strings simultaneously, performers typically only bow one string at
a time, and the yehu is generally treated as a monophonic instru-
ment.

Bowed string instrument modeling requires an appropriate de-
scription of the friction between the bow and string. Static friction
models describe the friction force as a function of relative velocity,
such as the friction curve models in [1][2], while dynamic mod-
els include an elasto-plastic formulation [3] and a thermal friction
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Figure 1: Left: A picture of the author’s yehu with parts labeled.
The bow hair passes between the two strings. Right: Side view of
a simplified model of the yehu. The string is simply supported at
the restraining loop and stub. The string is coupled to the bridge
and body at xc. The finger and bow interact with string at xf (t)
and xb(t), respectively.

model [4]. Both types have been extended to time-domain simu-
lations, using digital waveguide (DWG) and finite-difference (FD)
schemes [5][6][7]. More recent developments incorporate addi-
tional mechanisms, such as finite-width bow interaction and tor-
sional string motion [8][9]. Beyond friction, the vibration of the
string is shaped by its coupling with the bridge and instrument
body. Several approaches have been proposed to model this in-
teraction. A wave-propagation model can simulate coupling us-
ing both reflection and transmission filters [10], modal approaches
introduce coupling via projection onto the modal basis, resulting
in globally coupled modes [11]. Pitch variation in bowed-string
instruments is achieved through finger–string contact. This inter-
action is commonly modeled as a collision [7][12], with parame-
ters tuned to approximate the mechanical properties of the finger.
Energy-conserving FD schemes based on iterative solvers have
been proposed [13][14], while more recent non-iterative methods
based on energy quadratization significantly improve computational
efficiency [15][16].

This paper is structured as follows. Section 2 contains the
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equations that describe the proposed system. An energy balanced
FD scheme is presented in Section 3. Section 4 presents the physi-
cal characterization of the model by measurements, while Section
5 presents the simulation results. Section 6 concludes the paper.

2. MODEL DESCRIPTION

2.1. String equations

The proposed yehu model can be divided into three forces inter-
acting with two stiff strings: the finger-string contact force ff ,
bowed string friction force fb and bridge coupling force fc. In
the following part, we annotate the inner string (F4) as string one
and the outer string (C5) as string two with i = 1, 2, respectively.
The partial differential equation governing the time evolution of
the two strings’ transversal displacement ui(xi, t) can be written
as:

Ls,iui = −Jb,ifb,i − Jf,iff,i + Jc,ifc,i. (1)

Here, xi ∈ DLi = {xi ∈ R | 0 ≤ xi ≤ Li} and Li is the string
length. fb,i, ff,i and fc,i are the friction force, finger contact force,
and bridge coupling force, respectively, acting on each string. Jb,i,
Jf,i, and Jc,i are spatial distribution functions that map the forces
from an interaction point to the string domain. Ls,i is the partial
differential operator defined as:

ρiAi∂
2
t − Ti∂

2
x,i + EiIi∂

4
x,i + 2ρiAi∂t

(
σ0,i − σ1,i∂

2
x,i

)
, (2)

in which ρi, Ai, Ti, Ei, and Ii denote mass density (kg · m−3),
cross-sectional area (m2), tension (N), Young’s modulus (Pa), and
area moment of inertia (m4) for each string i, respectively. The pa-
rameters σ0,i (s−1) and σ1,i (m2/s) are loss coefficients account-
ing for frequency-independent and frequency-dependent losses. The
boundaries of each string are simply supported:

ui(0, t) = ui(L, t) = 0, ∂2
x,iui(0, t) = ∂2

x,iui(L, t) = 0. (3)

2.2. Finger-string contact

The contact force between the finger and the string, denoted by
ff,i, can be formulated using the Hunt-Crossley contact model
[13]

ff,i =
dΦi

dηi
+
dηi
dt

Θi, (4)

where the contact potential, Φi, and the dissipation term, Θi, are
defined as

Φi =
Kf [ηi]

α+1
+

α+ 1
, Θi = βKf [ηi]

α
+. (5)

β ≥ 0 is the finger damping coefficient, Kf ≥ 0 is the finger
stiffness parameter, α > 1 is a nonlinear coefficient, and [ηi]+ is
the finger-string penetration, defined as:

ηi =

∫
DLi

Jf,i(xf,i, t)ui(xi, t) dxi − Uf , [ηi]+ = max (0, ηi) .

(6)
Jf,i(xf,i, t) is the spatial distributed function of finger location at
xf and Uf (t) is the position of the vertical finger at time t. In or-
der to reduce the computation cost, a non-iterative solver based on
energy quadratization is utilized. Defining the potential function
Φi [16][15],

Φi =
Ψ2

i

2
, (7)

and applying the chain rule to (7), (4) may be written as

ff,i = Ψigi + βΨi
dΨi

dt
,

dΨi

dt
= gi

dηi
dt
, gi = ∂ηΨi. (8)

The finger motion is governed by

Mf
d2Uf

dt2
= ff,1 + ff,2 + fext, (9)

where Mf is the finger mass (kg), and fext(t) is the external force
(N) driving the finger.

2.3. String-bridge coupling

The bridge is modeled as a set of M mass-spring-damper (MSD)
systems representing a modal expansion of the measured bridge
admittance.

Mm
d2qm
dt2

+Kmqm +Rm
dqm
dt

= −fc,1 − fc,2, (10)

where qm is the modal displacement (m), Mm is the modal mass
(kg),Km is the modal spring constant (N/m), andRm is the modal
damping term (kg/s), which are defined by

Rm =Mmσmωm, Km =Mmω
2
m, (11)

with σm the modal damping ratio, and ωm the resonant frequency
in rad/s of each mode. The strings are tightly coupled to the bridge
and are assumed to exhibit negligible collision. Therefore, the dis-
placement of the strings at the bridge position is assumed to be
equal to the bridge displacement∫

DLi

Jc,i(xc,i, t)ui(xi, t) dxi =

M∑
m=1

qm(t). (12)

2.4. Bow excitation

As the performance technique of yehu avoids bowing two strings
simultaneously, the proposed model uses a signed bow force FN

to determine which string is bowed. In the following section, due
to the large number of parameters involved, the bow–string inter-
action is presented for only one string. The friction force fb is
calculated using an elasto-plastic friction model which assumes
that the friction between the bow and the string is the result of a
large ensemble of microscopic elastic bristles, each contributing to
the overall friction force [3]. Once the strain exceeds a breakaway
threshold, the bristles lose adhesion, leading to sliding between
the two surfaces. Denoting the average bristle deflection by z, the
friction force can be described as [9]:

fb = ϵ0z + ϵ1
dz

dt
, (13)

where ϵ0 is the bristle stiffness in N/m, ϵ1 is the bristle damping in
kg/s, and vr is the relative velocity, defined as:

vr =
d

dt

(∫
DL

Jb(x, t)u(x, t)

)
dx+

d

dt
ζ(t)− vb(t), (14)

with ζ(t) the bow hair displacement in meters relative to the rigid
bow. The motion of bow hair can be described with bow hair mass
Mf in kg, stiffness Kh in N/m, and damping Rh in kg/s:

Mh
d2ζ

dt2
+Khζ +Rh

dζ

dt
= −fb. (15)
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The bristle velocity is related to the relative velocity vr through

dz

dt
= vr

[
1− χ(vr, z)

z

zss(vr)

]
, (16)

where zss is the steady-state function,

zss(vr) = sign (vr)
FN

ϵ0

(
µC + (µS − µC)e

−
∣∣∣ vrvs ∣∣∣2)

, (17)

with Stribeck velocity, vs, in m/s, static and dynamic friction co-
efficients, µS and µC , respectively, and normal force in N applied
by the bow, FN . The adhesion map, χ, is defined as

χ(vr, z) =

{
0, vrz ≤ 0

χm, vrz > 0
, (18)

where

χm(z, vr) =


0, |z| ≤ zba

χ̄m(vr, z), zba < |z| < |zss(vr)|
1, |z| ≥ |zss(vr)|

(19)

The breakaway displacement is zba ≤ ξµCFN/ϵ0 with the free
parameter 0 < ξ ≤ 1. χ̄m(z, vr) can be defined as

χ̄m(z, vr) =
1

2

[
1 + sin

(
π
|z| − 1

2
(|zss(vr)|+ zba)

|zss(vr)| − zba

)]
.

(20)

2.5. Energy analysis

Taking the inner product of (1) with ∂tui over DLi for each string,
multiplying equation (9) with ∂tUf , multiplying equation (10) with
∂tqm, summing the modes together, multiplying equation (15)
with ∂tζ, and using the relation in (14), the power-balance of the
entire system is derived:

dH
dt

= P −Q+ Bs|L0 (21a)

H = Hs +Hc +Hf +Hζ +Hz (21b)

Here, the energy stored in the string Hs, finger Hf , bridge Hc,
bow hair Hζ and bristle Hz are given by

Hs =

2∑
i=1

[
ρiAi

2
∥∂tui∥2DLi

+
Ti

2
∥∂xui∥2DLi

+
EiIi
2

∥∂xxui∥2DLi

]
,

(22a)

Hf =
Mf

2

(
dU

dt

)2

+

2∑
i=1

1

2
Ψ2

i , (22b)

Hc =

M∑
m=1

[
Mm

2

(
dqm
dt

)2

+
Km

2
q2m

]
, (22c)

Hζ =

2∑
i=1

[
Mf

2

(
dζi
dt

)2

+
Kh

2
ζ2i

]
, Hz =

2∑
i=1

ϵ0
2
z2i . (22d)

The power supplied to the system, P is

P = fext
dU

dt
+ fb,1vB + fb,2vB . (23)

Total power dissipation related to the strings Qs, finger Qf , bridge
Qc, bow hair Qζ , and bristles Qz are given by

Qs =

2∑
i=1

2ρiAi

(
σ0,i∥∂tui∥2DLi

+ σ1,i∥∂txui∥2DLi

)
, (24a)

Qf =

2∑
i=1

βgiΨi

(
dηi
dt

)2

, Qc =

M∑
m=1

Rm

(
dqm
dt

)2

(24b)

Qζ =

2∑
i=1

Rh

(
dζi
dt

)2

, (24c)

Qz =

2∑
i=1

[
ϵ1v

2
r,i − χ(zi, vr,i)

zivr,i
zss,i

(ϵ0zi − ϵ1vr,i)

]
, (24d)

Q = Qs +Qf +Qc +Qz +Qζ . (24e)

Under simply supported boundary conditions, the boundary term
Bs vanishes. Note that H, Qs, Qf , Qc and Qζ are all non-
negative, and Qz is non-negative whenever χ ̸= 1. But for χ = 1,
Qz can become negative, which violates passivity and it is not
physical. To solve this problem, [9] proposed a velocity-dependent
bristle damping ϵ1(vr), that guarantees passivity

ϵ1(vr) =
µCFN√
v2r + γ2

, γ =
µCFN

ϵ̄1
(25)

where 0 ≤ ϵ1(vr) ≤ ϵ̄1 and ϵ̄1 is a constant model parameter.
With this refined definition, the term Qz becomes non-negative,
and the system is energy-stable. Proof of the non-negativity of Qz

can be found in [9].

3. NUMERICAL SCHEME

3.1. Grid function and difference operators

A finite difference scheme is applied to numerically solve the con-
tinuous domain equations. String displacement ui(x, t) is approx-
imated by the grid function un

l,i, where n is the time index, and
l ∈ [0, ..., Ni] is the grid index. un

i ∈ R(Ni−1)×1 is the vector
representation of un

l,i under fixed end condition. et+ and et− de-
note forward and backward time shifts, respectively. A set of time
difference operations may be defined as

δt+ =
et+ − 1

k
, δt− =

1− et−
k

, δt· =
et+ − et−

2k
,

µt+ =
et+ + 1

2
, µt− =

1 + et−
2

, µt· =
et+ + et−

2
,

δt◦ =
et+ 1

2
− et− 1

2

k
, µt◦ =

et+ 1
2
+ et− 1

2

2
,

δtt =
et+ − 2 + et−

k2
, µtt =

et+ + 2 + et−
4

,

(26)

where k is the temporal sampling interval. A set of spatial differ-
ence matrices may be defined as

D−
i =

1

hi


1 0

−1
. . .
. . . 1

0 −1

 ∈ RNi×(Ni−1), (27)

D+
i = −(D−

i )
T , D2,i = D+

i D
−
i , D4,i = D2

iD
2
i ,
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where hi is the spatial sampling interval for each respective string.
The continuous distribution functions J(x, t) are discretized as
polynomial spreading operators resulting in column vectors, Jn ∈
R(Ni−1)×1 [17, Sec. 5.2.4]. The corresponding interpolation op-
erators are In ∈ R1×(Ni−1) defined as

In = h (Jn)T . (28)

The spatial inner product of two 1D grid functions, un
l and vnl over

the domain l ∈ dN = [0, . . . , N ] can be written as

⟨un
l , v

n
l ⟩ =

∑
l∈dN

hun
l v

n
l . (29)

The domains dN and dN are partial domains omitting the left (l =
0) boundary and both (l = 0 and l = N ) boundaries, respectively.

3.2. String operator discretization

The discretized form of the string displacement in (1) is

Ls,iu
n
i = −Jf,if

n
f,i − Jb,if

n
b,i + Jc,if

n
c,i, (30)

where ui is the vector containing the discrete string displacements.
The spreading operators Jf,i, Jb,i, Jc,i are cubic, linear, and point
operators [17, Sec. 5.2.4], respectively with the correct dimen-
sions. The string operator (2) is discretized as

Ls,i = ρiAiδtt − TiD2,i + EiIiD4,i

+ 2ρiAi (σ0,iδt· − σ1,iδt−D2,i) .
(31)

The general update form for a single string is found by rearranging
the discretized string operator,

As,iu
n+1
i = Bs,iu

n
i +Cs,iu

n−1
i + Js,if

n
i , (32)

whereAs,i =
ρiAi
k2 +

ρiAiσ0,i

k
, Bs,i =

2ρiAi
k2 1+(Ti+

2ρiAiσ1,i

k
)D2,i

− EiIiD4,i, Cs,i = (− ρiAi
k2 +

ρiAiσ0,i

k
)1 − 2ρiAiσ1,i

k
D2,i.

fni = [−fn
f,i,−fn

b,i, f
n
c,i]

T ∈ R3×1 is the vector of forces ap-
plied to the string i, and Js,i = [Jn

c,i,J
n
b,i,J

n
f,i] ∈ R(Ni−1)×3. 1

denotes the identity matrix in R(Ni−1)×(Ni−1).

3.3. Finger-string contact based on energy quadratization

The finger contact force in (8) is discretized as,

fn
f,i =

(
µt+Ψ

n− 1
2

i

)
gni + β

(
δt+Ψ

n− 1
2

i

)
Ψ

n− 1
2

i ,

δt+Ψ
n− 1

2
i = gni δt·η

n
i ,

gni = θiĝ
n
i = θi

√
1

2
Kf (α+ 1)[ηni ]

α−1
+ .

(33)

To impose the constraint µt+Ψ
n− 1

2
i ≥ 0, a scalar correction factor

θi is introduced [12]. Let Vi = 4Ψ
n− 1

2
i + ĝni (η

∗
i − ηn−1

i ), and
Rm

i = ĝmi (η∗i − ηn−1
i ),m ∈ {n, n− 1}. Then θi is defined as

θi =


−4ψn− 1

2

Rn
i

, if Vi < 0&Rn
i ̸= 0,

−4ψn− 1
2

Rn−1
i

, if Vi < 0&Rn
i = 0&Rn−1

i ̸= 0,

1, otherwise.

(34)

Here, η∗i = If,iu
∗
i −U∗

f . u∗
1, u∗

2, and U∗
f denote the state updates

(see (58)) for string one, string two, and the finger, respectively, in
the absence of finger–string contact forces. By using the operator
identity, µt+ = k

2
δt− + 1, and the discretization of (6), ηni =

If,iui − Un, fn
f,i can be rewritten as

fn
f,i = Af,iIf,iu

n+1
i −Af,iU

n+1 + Cf,i, (35)

where Af,i =
gni

2

4
+

βgni
2k

Ψ
n− 1

2
i , Cf,i = − gni

2

4
ηn−1
i +gni Ψ

n− 1
2

i −
βgni
2k
ηn−1
i Ψ

n− 1
2

i . The finger displacement in (9) is discretized as,

MfδttU
n
f = fn

f,1 + fn
f,2 + fn

ext. (36)

By substituting (35) into (30) and (36), the update can be written
as S1 0 S3

0 S2 S4

S5 S6 S7


un+1

1

un+1
2

Un+1
f

 =

 b1 − Jf,1Cf,1

b2 − Jf,2Cf,2

b3 + Cf,1 + Cf,2

 , (37)

where Si = ( ρiAi
k2 +

ρiAiσ0,i

k
)1+ Jf,iIf,iAf,i, Si+2 = −Af,i

Jf,i, Si+4 = −Af,iIf,i, S7 =
Mf

k2 + Af,i, bi = Bs,iu
n
i +

Cs,iu
n−1
i − Jb,if

n
b,i + Jc,if

n
c,i, and b3 = 2M

k2 U
n
f − M

k2U
n−1
f +

fn
ext. To solve (37), the update can be performed blockwise, where

each block takes the form of a diagonal matrix with a rank-one
perturbation. Such matrices are invertible and admit an efficient
inversion using the Sherman–Morrison formula [18]:

(A+αβ⊤)−1 = A−1 − A−1αβ⊤A−1

1 + β⊤A−1α
. (38)

Here, r1, r2, and r3 denote the first, second, and third block com-
ponents of the right-hand side vector in (37), respectively. Conse-
quently, un+1

1 and un+1
2 can be expressed as

un+1
1 = S−1

1 r1 − S−1
1 S3U

n+1
f ,

un+1
2 = S−1

2 r2 − S−1
2 S4U

n+1
f .

(39)

Substituting (39) into the third block row yields(
S7 − S5S

−1
1 S3 − S6S

−1
2 S4

)
Un+1

f = r3−S5S
−1
1 r1−S6S

−1
2 r2.
(40)

Un+1
f can then be obtained by solving (40), after which un+1

1 and
un+1
2 are updated using (39). Efficient inversion significantly ac-

celerates the computation, making real-time implementation of the
system feasible.

3.4. String-bridge coupling

The modal bridge system (10) is discretized as,

M̂mδttq
n + K̂mµttq

n + R̂n
mδt.q

n = −fnc,1 − fnc,2, (41)

where fnc,1 and fnc,2 areM×1 vectors with components containing
corresponding scalar values fn

c,1 and fn
c,2. M̂m, K̂m, and R̂m

denote the diagonal matrices constructed from the M × 1 vectors
Mm, Km, and Rm, respectively. Rearranging the equation, the
update form for the bridge displacement is

M∑
m=1

qn+1
m = AT

q q
n +BT

q q
n−1 −CT

q

(
fnc,1 + fnc,2

)
, (42)
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where Aq = diag(Λ)−1
(
8Mm − 2k2Km

)
, Bq = diag(Λ)−1(

−4Mm − k2Km + 2kRm

)
, Cq = (Λ)−1k2, Λ = 4Mm +

k2Km + 2kRm. Multiplying (32) by Inc,i and A−1
s,i yields:

Inc,iu
n+1
i = Inc,i(A

−1
s,iBs,iu

n
i +A−1

s,iCs,iu
n−1
i +A−1

s,iJ
n
c,if

n
c,i),
(43)

and the rigid coupling between the bridge and two strings is found
by

un+1
bri =

M∑
m=1

qn+1
m = Inc,1u

n+1
1 = Inc,2u

n+1
2 . (44)

Substituting (41) and (43) into (44), the coupling forces for string
one and two, fn

c,1, fn
c,2, at time step n can be computed from,[

Sc1 oTCq

oTCq Sc2

][
fn
c,1

fn
c,2

]
=

[
c1

c2

]
, (45)

where Sci = oTCq+A
−1
s,i I

n
c,iJ

n
c,i, and ci = AT

q q
n+BT

q q
n−1−

Inc,i
(
A−1

s,iBs,iu
n
i +A−1

s,iCs,iu
n−1
i

)
. o ∈ RM×1 denotes the all-

ones vector of size M.

3.5. Bow excitation

The bow-string interaction is numerically solved using a second-
order discretization scheme on interleaved grids [9]. The discrete
friction force fn

b is formulated based on the elasto-plastic model
as

fn
b = ϵ0(µt◦z

n) + ϵ1(v
n
r )r

n, (46)

where rn = δt◦z
n is the discrete bristle velocity. The bow hair

displacement ζ is discretized using (15)

Mhδttζ
n +Rhδt·ζ

n +Khµttζ
n = −fn

b . (47)

The relative velocity can be discretized as

vnr = Inb δt·u
n + δt·ζ

n − vnb . (48)

Using the operator identity, δtt = 2
k
(δt.−δt−), (48) can be written

sn − IJf
n
b − vnr − vnb = 0, (49)

where

sn = Inb (Abu
n +Bbδt−u

n) +Ahζ
n + Bhδt−ζ

n,

IJ =
Inb J

n
b

ρA( 2
k
+ 2σ0)

+
1

( 2Mh
k

+ kKh
2

+Rh)
.

(50)

Here, Ab = TD2 − EID4, Bb = 2ρAσ1D2 + 2ρA
k

1, Ah =

−K/( 2Mh
k

+ kKh
2

+Rh), and Bh = ( 2M
k

+ Kk
2
)/( 2Mh

k
+ kKh

2
+

Rh). Since fn
b and rn are nonlinearly dependent on the relative

velocity, vnr , and the average bristle deflection, µt◦z
n, an itera-

tive Newton-Raphson solver is applied. Defining the vector of un-
knowns as,

x = [vnr , µt◦z
n]T, (51)

substituting (46) and (50) into equation (49), and using the opera-
tor identity, δt◦ = 2

k
(µt◦ − et− 1

2
), the residual system R(x) = 0

is constructed

R(x) =

[
sn − IJf

n
b (v

n
r , µt◦z

n)− vnr − vnb
rn(vnr , µt◦z

n)− 2
k
(µt◦z

n − zn−1/2)

]
= 0. (52)

The Jacobian matrix JR = ∂R/∂x is computed at each iteration
I:

JR =

[
1 + IJ

∂fn
b

∂vn
r

IJ
∂fn

b
∂(µt◦zn)

∂rn

∂vn
r

∂rn

∂(µt◦zn)
− 2

k

]
. (53)

The update rule is x(I+1) = x(I) − J−1
R R(x(I)). Upon con-

vergence, the next half-step bristle state is updated via zn+1/2 =
2µt◦z

n − zn−1/2, the bristle velocity rn is updated via rn =
1
k
(zn+1/2 − zn−1/2) and system variables, un+1, ζn+1 are up-

dated using the resulting friction force.

3.6. Discrete energy analysis

The energy balance for the proposed system is derived by taking
the inner product of the governing equations with their respective
time derivatives. By applying the summation-by-parts [17, Sec.
5.2.10] and accounting for boundary conditions, the discrete rate
of change of the total system energy is expressed as,

δt−h
n+ 1

2 = pn − qn + bn, (54)

where the boundary term bn is equal to zero under simply sup-
ported conditions and the discrete stored energy hn+ 1

2 is defined
as the sum of the following components:

h
n+ 1

2
s =

2∑
i=1

[
ρiAi

2
∥δt+un

i ∥2dNi
+
Ti

2
⟨δx+un

i δx+u
n+1
i ⟩dNi

,

(55a)

+
EiIi
2

⟨δxxun
i , δxxu

n+1
i ⟩dNi

− σ1,ikρiAi

2
∥δt+δx+un

i ∥2dNi

]
,

h
n+ 1

2
f =

Mh

2
(δt+U

n)2 +

2∑
i=1

(Ψ
n+ 1

2
i )2

2
, (55b)

h
n+ 1

2
c =

M∑
m=1

[
Mm

2
(δt+q

n
m)2 +

Km

2
(µt+q

n
m)2

]
, (55c)

h
n+ 1

2
ζ =

2∑
i=1

[
Mf

2
(δt+ζ

n
i )

2 +
Kh

2
(µt+ζ

n
i )

2

]
, (55d)

h
n+ 1

2
z =

ϵ0
2
(z

n+ 1
2

1 )2 +
ϵ0
2
(z

n+ 1
2

2 )2. (55e)

The power pn, dissipation qn are defined on the time step n:

pn = fn
extδt·U

n + (fn
b,1 + fn

b,2)vB , (56a)

qns =

2∑
i=1

2ρiAi

(
σ0,i∥δt·un

i ∥2dNi
+ σ1,i∥δt·δx+un

1 ∥2dNi

)
,

(56b)

qnf =

2∑
i=1

βgni Ψ
n− 1

2
i (δt·η

n
i )

2, qnc =

M∑
m=1

Rm(δt·q
n
m)2, (56c)

qnζ =

2∑
i=1

Rh(δt·ζ
n
i )

2, (56d)

qnz =

2∑
i=1

fn
b,iv

n
r,i − ϵ0µt◦z

n
i δt◦z

n
i . (56e)

For a given time step k, the term hs is non-negative under the
condition hi ≥ hmin,i[14], where

h2
min,i =

Tik
2

2ρiAi
+
kσ1,i

2
+
k

2

√(
Tik

ρiAi
+ 4σ1,i

)2

+
16EiIi
ρiAi

.

(57)
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3.7. System update

In the implementation, the string displacement un+1
i is not up-

dated directly using equation (32), since the gradient gni (33, 34)
requires the update of the system in the absence of the contact po-
tential. Instead, un+1

i is updated by solving (37). Therefore, at
each time step, the coupling force fn

c,i and the friction force fn
b,i

are first obtained by solving (45) and (52). Subsequently, these
forces are employed to update the states of the strings and the fin-
ger, denoted as u∗

1, u∗
2, and U∗

f , in the absence of finger-string
contact forces:

u∗
i =A−1

s,iBs,iu
n
i +A−1

s,iCs,iu
n−1
i −A−1

s,iJ
n
b,if

n
b,i +A−1

s,iJ
n
c,if

n
c,i,

U∗
f =2Un − Un−1 + k2fn

ext/Mf .
(58)

With u∗
1, u∗

2, andU∗
f , the gradient gni can be evaluated, after which

un+1
i and Un+1 can be computed by (37). With obtained fn

c,i, the
modal displacements of the bridge are updated by:

qn+1 = diag(Aq)q
n+diag(Bq)q

n−1−diag(Cq)
(
fnc,1 + fnc,2

)
,

(59)
With obtained fn

b,i, the bow hair displacement ζn+1 is updated by,

ζn+1
i = Ahζ

n
i +Bhζ

n−1
i − Chf

n
b,i, (60)

where Ah =
(
8Mh − 2k2Kh

)
/λ, Bh = (−4Mh − k2Kh +

2kRh)/λ, Ch = k2/λ, and λ = 4Mh + k2Kh + 2kRh. The
average bristle deflection µt◦z

n is simultaneously gained by itera-
tively solving (52), and it is used to update the next half-step bristle
state via zn+1/2 = 2µt◦z

n − zn−1/2.

4. PHYSICAL CHARACTERIZATION

4.1. String parameters

The strings of the yehu are traditional woven silk strings and their
physical parameters were determined through a series of measure-
ments. The string density was determined by measuring the mass
and the volume of multiple string samples. The mass of each sam-
ple was measured using a high-precision balance. The volume
of each sample was estimated by measuring the sample’s radius
and assuming a perfect cylindrical geometry. The Young’s mod-
ulus, tension, and damping coefficients were identified via an in-
verse modeling procedure [19] from force signal measurements
of a silk string excited via the wire-breaking method. To isolate
the string from body resonances, the measurement was conducted
on an anti-vibration optical table using custom 3D-printed sensor
bridges. These measurements form the basis for the parameteri-
zation of the string model used in the subsequent simulations and
these parameters are listed in Table 1.

4.2. Bridge admittance

The bridge admittance was obtained by exciting the bridge using
an impact hammer (PCB Model 086C01), and capturing the re-
sulting bridge velocity response with a Laser Doppler vibrometer
(LDV) (Polytec PDV-100). The blue curve in the upper panel of
Fig. 2 displays the bridge admittance, while the blue curve in the
lower panel displays the bridge velocity in response to the hammer
impact. The admittance was processed using the filter diagonal-
ization method [20] to extract the modal parameters. The identi-
fied modal parameters were then used to derive the body modes,
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Figure 2: Measured (blue) and simulated (red, dashed) bridge ad-
mittance (top) and velocity (bottom).

as formulated in (41). For comparison, the MSD system with 11
modes was excited using the measured hammer force, and the re-
sulting simulated responses are depicted by the red dashed curves
in Fig. 2.

4.3. Body radiation filter

The transfer function from bridge force to radiated sound pressure
was obtained from impact hammer measurements conducted in a
hemi-anechoic chamber with a pair of microphones (HBK Type
4190) placed 30 cm behind the soundbox. The transfer function
was approximated using a parallel infinite impulse response (IIR)
filter structure, which, compared to direct-form IIR implementa-
tions, generally exhibits improved numerical performance [21].
The radiation filter was designed by fitting 25 sections to the mea-
sured transfer function in the warped frequency domain. The fitted
response is in good agreement with the measured data over the
relevant frequency range, indicating a reasonable approximation.
The radiated sound is then synthesized by filtering the simulated
bridge force.

5. SIMULATION RESULTS

5.1. String-bridge coupling

As shown in Fig. 2, the model provides a good fit to the bridge
velocity when excited by a measured impact force. The total be-
havior of the system is validated by comparing measured and sim-
ulated bridge velocities while the instrument is being bowed. A
measurement was conducted by fixing the yehu and manually bow-
ing the F4 string while capturing the bridge velocity using an LDV.

Table 1: Measured and derived silk string parameters.

String 1 (F4) String 2 (C5)

L 0.38 0.38 m
ρ 1250 1350 kg/m3

r 0.55 0.40 mm
T 50.61 64.29 N
E 1× 1010 9.5× 109 Pa
σ0 0.9754 1.5844 s−1

σ1 0.0026 0.0032 m2/s
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Figure 3 compares the measured and simulated steady-state bridge
velocity in the time domain. Since no apparatus was available to
precisely control or measure the bow force and velocity during
the experiment, their values in the measurement remain unknown.
Nevertheless, a close agreement in Fig. 3 was obtained by tuning
the simulated bow force and bow velocity parameters. In particu-
lar, a good fit was obtained when the bow force and bow velocity
were set to constant values of 0.7 N and 0.3 m/s, respectively. It
was also observed that increasing the bow velocity slightly above
0.3 m/s leads to a simulated bridge velocity with a larger ampli-
tude, whereas decreasing the bow velocity results in a smaller am-
plitude.
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Figure 3: Measured (blue) and simulated (dashed, red) bowed
bridge velocity on string 1 (tuned to F4)

5.2. Finger-string interaction

In the proposed model, the finger-string contact is modeled as a
collision. The corresponding parameters, finger stiffnessKf , non-
linear coefficient α, and damping coefficient β, are not obtained
from direct measurements. Instead, they are selected empirically
based on simulation outcomes to yield physically plausible be-
havior. In the following simulations, the parameters are set as
Kf = 5 × 105, α = 2.3, and β = 20. Fig. 4 illustrates the
simulated transverse displacement of the two coupled strings at
four representative time instants under bowed excitation and fin-
ger pressing. The bow is driven by a constant bow force of 0.7 N
and a constant bow velocity of 0.3 m/s. The finger is driven by an
external force of 0.5 N.

Figure 5 presents the spectrograms of two gestures, obtained
from signals generated by filtering the simulated bridge force through
a parallel IIR filter fitted to the radiation transfer function. In the
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Figure 4: String transverse displacement profiles at selected time
instants. The red ellipse denotes the finger, the blue line denotes
the bow, the black solid line represents string 1, the black dashed
line represents string 2, and the triangle indicates the bridge. The
overlapping of the solid and dashed black lines with the red ellipse
illustrates the finger-strings penetration ηi.

upper spectrogram, two sinusoidal signals are used to modulate
the bow force FN and bow velocity vb, enabling rapid alternation
between two strings, as well as frequent bow direction changes. At
t = 1 s, the finger, driven by an external force, comes into con-
tact with the string, thereby playing new notes, while the bowing
motion continues uninterrupted. In the lower spectrogram, string 1
is bowed without bow direction changes, while the finger presses
both strings with slight oscillatory motion along the strings. Fin-
ger glides at t = 0.5s and 1s yield higher pitches. Sound samples
and simulation codes are available on the companion website. 1
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Figure 5: Spectrograms of two gestures. Gesture 1: rapid changes
in bowing direction and bowing string, with the finger pressing
both strings simultaneously at t = 1s. Gesture 2: vibrato produced
by slight finger motion during pressing, with finger glides at t =
0.5s and t = 1s, resulting in higher pitches.

5.3. System energy evolution

Fig. 6 presents the time evolution of the system energy error, with
random finger pressing position and continuous bowing, where the
system energy error is calculated by en = δt−h

n+ 1
2 −pn+qn−bn.

The results show that the energy deviation remains on the order
10−15 throughout the 10-second simulation, indicating that the
numerical scheme preserves energy with near machine-precision
accuracy.

5.4. Real-time factor

The proposed numerical scheme was implemented in C++. It was
found, through experimentation, that the number of iterations re-
quired to update the bow force is inversely dependent on the mag-
nitude of the force fN . By limiting the minimum absolute force to
0.05 N, the maximum number of required iterations was only three
at a sampling rate of 44.1 kHz. On average, a 10 second sample re-
quired 1.49 seconds of computation time, while 20 second and 30
second inputs required 2.95 seconds and 4.5 seconds, respectively.
This corresponds to a real-time factor of approximately 6.6× faster

1Companion website with sound samples and simulation codes:
https://yehudafx26.github.io/
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Figure 6: Energy error with time evolution.

than real-time. The simulations were run on a 2020 MacBook Pro
equipped with an Apple M1 chip.

6. CONCLUSIONS AND FUTURE WORK

In conclusion, this paper proposes a physical model of the yehu,
implemented using a FD scheme with measurement-based phys-
ical characterization. The simulation results demonstrate that the
string-bridge coupling strategy is capable of fitting the measured
bridge motion under bow-string excitation. The inclusion of finger-
strings interactions and real-time performance further enhance the
playability of the model, supporting future implementation in real-
time interactive sound synthesis applications. Future work will fo-
cus on both model refinements and playability analysis. The model
can be extended by incorporating multiple fingers, as yehu per-
formers may use up to four fingers, and by accounting for multi-
dimensional finger–string contact interactions. In addition, vibrato
in yehu performance may arise from fluctuations in string tension
induced by variations in finger pressing force; thus, a tension-
modulated string model will be considered. Finally, further inves-
tigation of parameter design and gesture control will be undertaken
to evaluate and enhance the playability of the numerical model.
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