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ABSTRACT

Modeling violin bridge admittance is a long-standing problem in
musical acoustics, with applications in sound analysis, synthesis,
and virtual instrument design. In this work, we investigate the
use of the Eigensystem Realization Algorithm (ERA) for deriving
reduced-order state-space models directly from measured impulse
responses. The proposed approach allows us to extract dominant
system dynamics and obtain compact realizations without requir-
ing explicit modal parameterization. We evaluate ERA on a dataset
of modern and historical violins and compare it against established
modal and state-space identification methods. Experimental re-
sults demonstrate that ERA outperforms existing approaches by
achieving lower reconstruction errors in both the time and fre-
quency domains while preserving perceptually relevant character-
istics of the bridge response. Furthermore, we show that the state-
space realizations obtained using ERA reproduce the target fre-
quency-dependent energy decay more accurately than models ob-
tained using the baseline methods. These findings support the use
of ERA as an efficient and flexible alternative for modeling violin
bridge admittances, with applications that span from audio synthe-
sis and processing to instrument virtualization.

1. INTRODUCTION

In the context of digital audio effects and sound synthesis, the
accurate modeling of musical instruments remains a central chal-
lenge, especially when aiming for both accurate (i.e., physically-
grounded) and controllable solutions [1]. Applications such as
virtual instrument and real-time physical modeling require com-
pact and efficient models capable of reproducing the interaction
between excitation mechanisms and resonant structures. The case
of the so-called silent violin is an emblematic example of the sort,
where the final sound is indeed the result of the interplay between
physical excitation and the digital model of the instrument body [2.
3./4l5], making the accurate characterization of its vibrational re-
sponse essential for perceptual realism.

In this scenario, instruments of the violin family are typically
characterized by means of their bridge admittance [6./7.|8], which
is used to derive efficient reduced-order models suitable for real-
time sound synthesis [2!/3//9.{10!/11] of the instrument. Indeed,
the bridge plays a key role in the instrument dynamics as it acts as
a mechanical interface transferring energy from the strings to the
structure of the body [8]. In this context, the bridge admittance
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is providing a compact description of the local input-output rela-
tionship of the structure, linking the applied force to the resulting
velocity response, and it is interpreted as the signature of a violin
due to its connection with the design [12!|13], timbre [14.|7][15]
and directional sound |14, 16J|17] of the instrument.

Through the years, several methodologies have been proposed
to derive parametric models of bridge admittances from measure-
ments [11]. Classical approaches include IIR fitting techniques,
which enable efficient digital implementations but may suffer from
stability issues due to the lack of guaranteed passivity [18)/19]. To
address these limitations, the vibrational behavior of violins has
been extensively studied through modal analysis [20]. Prominent
spectral peaks can indeed be attributed to individual modes, which
can then be modeled as dampened harmonic oscillators. The ex-
traction of modal parameters is typically carried out through multi-
stage procedures [11]. These generally involve the identification of
modal frequencies, amplitudes, and damping factors through, e.g.,
the filter diagonalization method |21], least-squares, nonlinear op-
timization, and, in some cases, solving convex programs to enforce
physical constraints [2)/19/22].

In this work, we propose an approach based on state-space
system identification from measured bridge admittance impulse
responses. In particular, we consider the Eigensystem Realization
Algorithm (ERA), a well-known method originally developed at
NASA in the context of structural dynamics [23.|24]. ERA pro-
vides a state-space realization through the singular value decom-
position (SVD) of a Hankel matrix constructed directly from im-
pulse response data. The method has been widely used for modal
identification of mechanical systems and vibration analysis, where
it enables the extraction of system poles and modal shapes from
measured data in a compact and systematic manner [24]. To the
best of our knowledge, ERA has not been previously applied to the
problem of violin bridge admittance modeling. In contrast to exist-
ing approaches, the proposed method provides an algebraic matrix
formulation of the identified state-space model, thereby avoiding
the need for modal fitting procedures consisting of multiple se-
quential steps and offering a unified framework for parameter es-
timation with minimal heuristics.

ERA is evaluated against two methods from the literature 2],
[3] on a dataset of bridge admittances of six violins, including five
modern instruments selected from the collection of the “Antonio
Stradivari International Triennial Competition,]| [as well as a his-
torical instrument crafted by Stradivari in the 18th century. Re-
sults show that ERA consistently outperforms the baseline meth-
ods across all considered measurements, achieving improved ac-
curacy both in the time and frequency domains, as well as in the
reconstruction of the frequency-dependent energy decay profiles.

The remainder of the paper is organized as follows. Section
reviews the methodologies relevant to violin bridge admittance
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modeling chosen as baselines, whereas Sectionintroduces the
Eigensystem Realization Algorithm. Data acquisition and experi-
mental results are presented in Section Finally, conclusions are
drawn in Section[3]

2. RELATED METHODS

Assuming that the bridge admittance Y (z) can be described by a
finite-dimensional proper rational representation, then there exists
a discrete-time state-space model

x[k + 1] = Ax[k] + bu[k],

1
ylk] = c"x[k] + dulk], M

such that

YV(z)=c (z2I-A)"'b+d, )
where A € RM*M i the state matrix, b € R is the input vector,
c € RM is the output vector, and d € R is the direct feedthrough
term. Hence, the problem of bridge admittance modeling can be
recast into that of finding a realization (A, b, ¢, d).

In the context of state-space modeling of violins, Maestre et
al. |3] recently proposed a method for the design of state-space
filters for simulating the frequency-dependent sound source direc-
tivity from acoustic measurements, exciting the bridge with an im-
pact hammer and measuring the sound pressure to obtain radiation
responses. The method provides a compact and physically inter-
pretable representation of the response data as a sum of exponen-
tially decaying modes, where the poles encode modal frequencies
and decay rates, and the modal gains determine their contribution.
Although the original formulation targets direction-dependent ra-
diation, when restricted to the case of a single impulse response,
the same modal fitting strategy can be applied to find a suitable
realization of the bridge admittance model in .

In [3], the state matrix is chosen in modal (diagonal) form

A = diag ([p1, ... 3)

where p,,, € C are the system poles. In this case, since we consider
a minimal realization, M is both the total number of poles and the
total number of eigenvalues of A. The authors fix b = 1 and
d = 0, since the feedthrough gain can be retrieved directly from
the first sample of the measured impulse response y[k], which is
assumed to be minimum-phase. The transfer function can be
rewritten as

,PM]) s

M 271

Y (2) _mz:lcml—pmz*“ ()
and interpreted as a parallel bank of first-order resonant filters.

The poles p,, are estimated using an autoregressive (AR) all-
pole model fitted on a frequency-warped version of the impulse re-
sponse, Yw [k], obtained by mapping the unit circle in the z-plane
onto the unit circle in the {-plane according to the conformal-map
z + (4 p)/(1 + p¢), with p € (0, 1) controlling the frequency
warping. This allows us to derive the eigenvalues on a perceptu-
ally motivated frequency scale that provides a reliable estimation
for relevant resonant modes of the modeled source. The warped-
domain M eigenvalues are estimated as the roots of the polynomial
p = [1,au,...,anm], which are then mapped back to the z-plane.
In particular, given the AR model of the warped impulse response,

M
wlll = Y amywlt—m], £=M,... L, 5)
m=1
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the coefficients «,, are obtained by solving a (weighted) least-
squares problem [19].

Once the poles p,, are found, the impulse response can be
expressed as a linear combination of modal basis functions

M
ylk] ~ Y emhmlk], ©)
m=1
where h.,[k] is the impulse response of the m-th modal filter
-1
z
Hum(z2) = T pma 1 Q)

The output vector ¢ = [c1,...,C M]T is obtained solving the least-
squares problem

min|ly — Hel3, @®)
where y € R is the vector containing L samples of the im-
pulse response, and H € CY** contains the basis responses
hm[k]. Finally, collecting all the obtained parameters and impos-
ing d = y[0] yields a state-space realization in the form of {T}.

To compare the previous approach with a more classical ex-
ample of modal fitting, we now consider an earlier work from the
same authors. In [2], Maestre et al. proposed a methodology to
model bridge admittances from both one- and two-dimensional
measurements. As for the one-dimensional case, they proposed
to employ a parametric modal decomposition in the discrete-time
domain, in which the measured admittance is approximated as a
sum of second-order resonators. Denoting by Y(z) the estimated
magnitude spectrum, the model reads as follows

M

V(2) =Y gm Hu(2), )
m=1
with modal gains g,,, > 0 and modal response
-2
Ho(z) = 1—=2 (10)

(1 =pmz= )1 =przt)

Then, every single mode is parameterized by the pair of complex
conjugate poles, p,, and p},, with

Pm = exp(—7 B/ fs) exp(j27 fm / fs) ,

where f,, and B,, denote the modal frequency and bandwidth,
respectively, and f; is the sampling frequency.

To perform the fitting, the modal parameters are initialized by
selecting peaks on the magnitude spectrum of the bridge admit-
tance employing a peak-finding algorithm, with bandwidths es-
timated via the half-power method. In particular, the authors se-
lected M — 1 peaks between fmin and fmax, and just one single peak
above fmax to model the highly damped peak (known as bridge
hill) caused by the high overlap of modes at high frequency. The
parameters are then refined by solving a nonlinear optimization
problem over the vector

an

£:[f17"'7f1\47Bl,“~7BM}T7 (12)
minimizing the cost function
K
(v, Y) :Z’log\Y[wkH —log [YV[wd|[, (13

k=1
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which is subject to linear constraints enforcing B,,, > 0 Vm, fre-
quency ordering, and bounded search regions, with K being the
total number of frequency bins and wy, the discrete angular fre-
quency at the k-th frequency bin. Once the modal parameters are
fixed, the modal gains g = [g1, . . ., gar]" are estimated by solving
the constrained least-squares problem
P ~112
min |Hg — yllz, (14)
where H € C¥*M i the modal basis matrix, whose rows con-

tain K samples of f{m(w), and y € C¥ is a vector collecting K
samples of Y (w), with 0 < w < 7.

3. EIGENSYSTEM REALIZATION ALGORITHM

The Eigensystem Realization Algorithm (ERA) is a time-domain
system identification method for constructing a reduced-order state-
space model directly from impulse response data. Originally in-
troduced by Juang and Pappa in the aerospace and struc-
tural dynamics fields for modal parameter identification from free-
decay measurements, ERA can be viewed as an SVD-based exten-
sion of the Ho-Kalman realization algorithm [25]: it uses Markov
parameters, i.e., the sequence of impulse response coefficients that
characterize the system’s input-output behavior, to recover a mini-
mal realization of , whereas SVD truncation provides a practical
mechanism for model order reduction by separating dominant dy-
namics from noise. In the following, we present the single-input
single-output (SISO) formulation of ERA.

For a unit pulse input u[k] = §[k] and zero initial condition
x[0] = 0, the system response y[k| defines the Markov parameters

y[0] = d, (15)
yl=c'b, (16)
ylk] =c"AF b, k>2. a7
ERA constructs a Hankel matrix from these parameters:
[yl]  y[2] yls]
y[2l  yl3] yls +1]
Ho=| . . . ) (13)
Lylr] ylr +1] ylr +s— 1]}
along with the shifted Hankel matrix
[ y[2] y[3] yls +1]]
yl3] y[4] yls +2]
H, = . . . ; (19)
Lylr +1] y[r +2] y[r + sl

with r, s € N determining the numbers of rows and columns of
the Hankel matrices, respectively. These values should be cho-
sen large enough to avoid early truncation of the dominant system
dynamics, but not so large as to exacerbate noise sensitivity and
numerical ill-conditioning. In the noise-free case, Hy admits the
factorization

Hy

™, c"A,...,c"A""|T[b,Ab,..., A" 'b] = O, Cs,

where O, and C; are the extended observability and controllabil-
ity matrices, respectively. Consequently, provided that r and s are
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Figure 1: Bridge admittance measurement setup. (a) Detail of the
dynamometric hammer; (b) violin in place.

sufficiently large, the rank of Hy equals the order of a minimal

realization. In practice, however, measurement noise perturbs this

exact low-rank structure, so the observed Hankel matrix is gener-

ally full rank; the system order must be inferred by separating the
dominant modes from the smaller noise-dominated ones.

The core computational step of ERA is to take the SVD

Ho =UZV". (20)

Retaining only the m largest singular values gives the rank-m ap-

proximation
Ho ~ UnXnV,,. @2n

where X, = diag(o1,02,...,0m) contains the m largest singu-
lar values of Ho, whereas U,,, and V, collect the corresponding
left and right singular vectors, respectively. The system parameters
are then found as

A=3 UV, 3 @2)
b=3xl2VIel (23)
e=x2ulel" (24)
d = y[0], (25)
where ei” =[1,0,...,0]" denotes the first canonical basis vector

of appropriate dimension . This formulation, in turn, yields the
realization . R
X[k + 1] = Ax[k] + bulk

[k +1) = Ax[H] + bulk], 6
Jlk] = ¢~ Xx[k] + dulk] .

This construction uses the shifted Hankel matrix H; = O, AC;
to recover the state-transition operator and yields a minimum re-
alization when the retained rank matches the true system order; if
a smaller rank is retained, it gives a reduced-order approximation.
The singular-value truncation is also what makes ERA effective
for reduced-order modeling, since it exposes an explicit tradeoff
between model complexity and reconstruction fidelity.

In general, ERA yields a dense state matrix. If Ais diagonal-
izable over C, however, can be rewritten in modal form via the
eigendecomposition A = QAQ ™! and the change of coordinates

2+ Q'%x, AcA, b<Q'h e« Q% @7
yielding a diagonal state matrix as in the state-space design from [3];
see also . Unless stated otherwise, the subsequent analysis adopts
the modal form of the state-space equations.
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4. RESULTS AND DISCUSSION

In this section, we first describe the measurement setup and the
acquired data, and then we present the results of our analysis.

4.1. Data Acquisition and Pre-Processing

The study examines a set of six violins, comprising both modern
violins made within the 20th and 21st centuries and one historical
violin of the 18th century. For all the instruments, the owners pro-
vided consent for the usage of the results in an anonymous fash-
ion. For this reason, and for the ease of reading, we will denote
the modern violins with f;—fs, and we will refer to the historical
violin as fe.

We measure the bridge admittances by means of hammer im-
pact testing. Fig.shows the structure made of wood and rubber
bands built to approximate free boundary conditions during the
test. Four rubber bands are used for the suspension of the instru-
ment, letting the sample hang in a vertical position and minimizing
the contact surface [9}/26]. A dynamometric hammer with a light
tip (086E80, by PCB Piezotronics) and a uniaxial accelerometer
(352A12, by PCB Piezotronics) are used to generate an impulsive
excitation and measure the harmonic response, respectively. Im-
pacts are applied on one edge of the bridge while the accelerometer
is placed on the opposite side. It is worth noting that the hammer
tip is fitted with a vinyl impact cap to prevent damage to histori-
cal violins; however, this may result in weaker excitation at high
frequencies due to the increased contact time.

For each measurement, we acquire six time-domain signals of
two seconds sampled at 48 kHz. To obtain the target impulse re-
sponses, the accelerometer signals are integrated to obtain velocity
signals and normalized by the corresponding force. The responses
are then averaged over the number of acquisitions before being
processed to obtain minimum-phase sequences with same real cep-
strum as the original data. To avoid numerical issues arising from
fitting noise, the impulse responses are then cropped to a length L
according to their dynamics, within the range [0.15, 0.30] s.

4.2. Implementation of Baseline Methods

We compare the eigensystem realization of the acquired violin
bridge admittances against the two methodologies described in
Sec. In particular, for |2], i.e., Maestre ef al. (2013), we set
fmin = 50 Hz, fmax = 1300 Hz, and limit the magnitude spec-
trum to 6000 Hz. The bridge-hill mode is estimated starting from
a smoothed version of the magnitude spectrum obtained consid-
ering a Gaussian-weighted moving average filter. As for [3], i.e.,
Maestre et al. (2021), instead, we set p = 0.85. These parameter
choices are consistent with those proposed by the authors and are
adopted to ensure a fair and representative comparison.

4.3. Objective Metrics

To assess the performance of ERA against the baseline methods,
we run several tests considering three objective metrics. Specifi-
cally, we compute the Normalized Mean Squared Error (NMSE)
in the time domain, defined as

k] — g[k])?
NMSE, = 2= WE — 7R 28)
>k ylk]
Then, we evaluate the NMSE between magnitude responses
Y[we]| — |V [wi]|)?
NMSE; = 2, (1Y [wi]l = [Ywe]]) 29)

Dy [Ywr]?
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Table 1: Objective metrics for the six violins (x1072).

NMSE; NMSE¢ NMAEgpr
violin [2] [3] ERA [2] [3] ERA [2] [3] ERA
fi 3865 813 1.54 21.40 4.36 0.79 114 125 0.79
f» 6578 517 213 4477 2.59 1.07 0.99 1.14 0.70
fs 3659 9.25 2.81 22.05 4.66 1.47 112 111 0.72
fo 3109 611 223 1679 3.20 1.18 118 1.11 0.62
fs 3697 7.16 2.09 20.17 3.84 1.04 125 118 0.72
fo 18.03 6.02 1.64 839 3.00 0.85 1.15 1.16 0.93

As a last metric, we consider the Normalized Mean Absolute Er-
ror (NMAE) between Energy Decay Relief (EDR) representations,
ie.,

Pt Ly IRl wi]] = [Rtn, wi]]

NMAEEgpr = ,  (30)
Doty Dy, [ Rltn, wi]|
where the EDR [27] is defined as
T
Rltn,wr] = 101ogyo Y [S[tm, wi][?, (31)

tm=tn

with S[tm,wr] being the short-time Fourier transform (STFT) of
ylk]. Here, the STFT in is computed using a 20 ms Hann
window, a 1024-point FFT, and a hop length of 5 ms.

4.4. Results

The three metrics are evaluated by varying the model order M in
the range [2, 50] with a step of 2, thus considering only the con-
tribution of new resonant modes introduced by complex-conjugate
pole pairs. Figs.show the results of said analysis, where the
blue curve corresponds to Maestre et al. (2013), the orange curve
to Maestre et al. (2021), and the black curve to ERA. The dia-
monds () indicate the model order M that maximizes the aggre-
gated performance across all metrics for both the baseline methods
and ERA. Aggregation is performed by summing the three metrics
after min—max scaling so as to ensure comparability across scales.
The curve corresponding to Maestre et al. (2013) is restricted to
relatively low values of M, as the peak-picking procedure effec-
tively limits this number of selected modes. Specifically, depend-
ing on the admittance under consideration, beyond a certain value
of M the number of peaks detected below fia.x may be insufficient
to meet the target order.

Overall, it is always possible to identify a model order M for
which ERA achieves the best performance across all considered
metrics. For all violins, the errors show a decreasing trend with in-
creasing M, although the behavior is not strictly monotonic, with
occasional deviations occurring at specific orders. It is also worth
noting that the optimal model order, i.e., the value of M yield-
ing the best overall performance, coincides with M/ = 50 in most
cases. TableE]reports, for each of the six violins, the metrics as-
sociated with the orders indicated with diamond markers. Overall,
ERA consistently achieves the lowest error values across all met-
rics and all violins. In particular, a substantial improvement can
be observed in terms of NMSE¢, where ERA reduces the error by
approximately one order of magnitude with respect to [2], and by
a factor of about three to five compared to [3]. A similar trend
is observed for NMSE; and NMAEgpr, where ERA provides a
more accurate reconstruction of the frequency-domain character-
istics. This aspect is particularly relevant, as it suggests that ERA
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not only improves the overall fidelity of the magnitude response Fig. reveals that, in the same frequency range, the energy
but also captures the dynamic behavior of resonances over time. rapidly vanishes a few milliseconds after the impulse. Accord-

Fig.shows, as a representative example, the time-domain ingly, both Maestre et al. (2013) and Maestre et al. (2021) deviate
bridge admittance of violin fi, comparing the three methodolo- significantly from the target EDR (Fig.- Conversely, Fig.|10d
gies against the measured response. To do so, the model order M corroborates our previous findings, by showing that ERA is ca-
is set to the value yielding the best performance, namely M = pable of modeling the target violin bridge admittance more accu-
16, M = 50, and M = 48 for Maestre et al. (2013), Maestre rately than the considered baselines, matching the energy decay
et al. (2021), and ERA, respectively. While differences in the more closely at both low and high frequencies.

time domain are not easily distinguishable, apart from the case
of Maestre et al. (2013) in Fig. a clearer comparison can be
obtained by considering Fig.@ where the magnitude frequency
response of the bridge admittances is reported. While Maestre et
al. (2021) provides a better match at higher frequencies, particu-
larly above 3 kHz, ERA appears to be the most accurate approach
over the range of 200 Hz to 3 kHz, i.e., the frequency band that
contains the characteristic resonances of a violin [8]. It is also
worth noting that both Maestre er al. (2013) and ERA capture a
prominent peak at around 130 Hz, likely associated with a struc-
tural mode of the mounting system supporting the violin, whereas
Maestre et al. (2021) does not, possibly due to the effect of fre-
quency warping.

To further evaluate the performance of the three methods, we
examine the EDRSs reported in Fig. On the one hand, Fig
shows that the energy of the target IR persists over time in dif-
ferent frequency bands, with the lower ones reaching —60 dB at

5. CONCLUSIONS

In this article, we investigated the use of the Eigensystem Real-
ization Algorithm (ERA) for modeling violin bridge admittances
from measured impulse responses. The proposed approach was
evaluated on a dataset comprising modern and historical instru-
ments and compared against two methodologies of the literature.
Results showed that ERA consistently achieved superior perfor-
mance across all considered metrics, demonstrating improved ac-
curacy in both the time and frequency domains. In particular, ERA
was able to better capture the frequency-dependent decay of en-
ergy, highlighting its ability to reproduce the dynamic behavior of
the instrument beyond standard spectral matching, supporting its
use in applications such as sound synthesis, analysis, and instru-
ment virtualization.

around 1 s. On the other hand, none of the modeling methodolo- 6. REFERENCES
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