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ABSTRACT

Frequency modulation (FM) synthesis has been widely used in
music production and sound design due to its ability to generate
rich timbres with few control parameters. However, estimating
the frequency parameters from a target sound remains challeng-
ing because different parameter configurations can yield similar
spectra, creating numerous local minima in the loss landscape. In
this paper, we analyze the Wasserstein distance loss landscape for
two-operator FM synthesis under practical FFT-based spectral rep-
resentations and show that it exhibits non-differentiable ridges at
rational frequency ratios, arising from negative-frequency folding
and spectral ordering transitions. Exploiting this structure, we pro-
pose a constrained gradient-based optimization strategy that con-
strains the frequency ratio in each optimization run to an interval
bounded by consecutive low-order rational ratios and retains the
lowest-loss candidate across intervals. Experimental results from
controlled ablations show that maintaining the constraint through-
out optimization improves reliability over random initialization
and initialization-only constraints, particularly for more complex
spectra at higher modulation indices.

1. INTRODUCTION

Frequency modulation (FM) synthesis [142] is a widely used sound
synthesis technique capable of generating rich and complex tim-
bres with few control parameters. However, the inverse problem,
i.e., estimating FM parameters from a target sound, remains chal-
lenging due to the non-convex nature of the loss landscape arising
from the nonlinear relationship between FM parameters and the
resulting spectrum.

Early approaches employed genetic algorithms (GA) [3] and
other evolutionary strategies [4] to search the parameter space.
While effective at escaping local minima, these methods require
substantial computational cost and provide no guarantee of con-
vergence to the global optimum, highlighting the need for more
efficient optimization methods.

Model-based signal-processing approaches have also ad-
dressed related sinusoidal and FM parameter estimation prob-
lems. For example, time-frequency ridge-based methods estimate
instantaneous frequency and amplitude trajectories of multicom-
ponent AM-FM signals from STFT representations [5], while
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distribution-derivative methods have been adapted to paramet-
ric FM sinusoids by exploiting the sideband structure of the FM
spectrum [6]. These methods provide direct estimators for model-
specific quantities, such as modal ridges or sideband-related FM
parameters, in contrast to the data-driven and optimization-based
approaches discussed next.

Deep learning approaches have recently gained attention. En-
coder based methods such as Sound2Synth |7] learn a direct map-
ping from audio features to synthesizer parameters, achieving fast
inference but requiring large training datasets and often struggling
with out-of-distribution sounds. Flow based generative models (8!
9] can capture the multi-modal nature of the inverse problem by es-
timating parameter distributions rather than point estimates, though
they may trade reconstruction accuracy for diversity.

Differentiable synthesis approaches like DDX7 [10] enable
gradient-based optimization through automatic differentiation.
However, these methods face inherent difficulties with frequency
parameters due to the oscillatory nature of spectral losses. As
noted by Turian and Henry [11], standard spectral losses lack
stable and informative frequency gradients. Hayes et al. [12]
addressed this for sinusoidal models by proposing a complex ex-
ponential surrogate with Wirtinger derivatives, demonstrating that
gradient-based frequency estimation becomes tractable when the
loss landscape is appropriately transformed. While their surro-
gate enables end-to-end learning for signals composed of multiple
sinusoidal partials, FM synthesis presents additional challenges:
the carrier—-modulator interaction creates intricate spectral patterns
governed by Bessel functions, leading to even more complex loss
landscapes with dense local minima. In our preliminary exper-
iments, we extended their surrogate approach to 2-operator FM
synthesis but found that optimization converges only when initial-
ized sufficiently close to the true parameters, otherwise becoming
trapped in local minima.

Optimal transport distances offer an effective alternative for
spectral matching. Unlike pointwise spectral losses such as spec-
tral mean squared error (spectral MSE), optimal transport mea-
sures the cost of transporting spectral mass between distributions,
providing gradients that reflect spectral proximity even when peaks
do not overlap. Torres et al. [13] proposed spectral optimal trans-
port (SOT) losses for differentiable DSP, demonstrating improved
pitch estimation in harmonic synthesizers by minimizing the dis-
placement of spectral energy. Matsubayashi [14] demonstrated
that Wasserstein distance based losses yield smoother optimization
landscapes for FM synthesis compared to spectral MSE, where the
latter produces dense oscillatory patterns that trap gradient-based
optimizers. While these works highlight the potential of optimal
transport for inverse synthesis, they do not provide a systematic
analysis of the loss landscape structure specific to FM synthesis.
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Figure 1: Loss landscapes for carrier frequency f. = 440 Hz, modulator frequency f,, = 220 Hz, 5 = 3; the red star indicates the target
parameters. (a) Spectral MSE: Bessel spectrum. (b) W7i: Bessel spectrum. (c) Wi: Bessel spectrum with negative-frequency folding. (d)
Wi FFT spectrum.

Existing studies on differentiable FM synthesis typically avoid and initialization-only variants isolate the effect of maintaining
joint optimization of the frequency parameters: either the carrier the constraint; experiments show improved reliability and reduced
frequency f. is determined from an externally estimated pitch while WOrst-case error.
the frequency ratio w = fi,/fc, where f,, denotes the modula-
tor frequency, is fixed to a preset value, or f. is assumed known 2. FM SYNTHESIS
while w is optimized. In both cases, f. and w are not optimized
simultaneously, limiting applicability to scenarios where at least In two-operator FM synthesis (20P-FM) {1)[2], a carrier oscilla-
one frequency parameter is determined a priori. tor is frequency-modulated by a modulator oscillator. The output

In this paper, we propose a gradient-based optimization strat- signal is given by:

egy that enables simultaneous optimization of carrier and modu-
lator frequencies without relying on external pitch trackers. Fre-
quency estimation is a challenging aspect of FM parameter recov-
ery, as the loss landscape is highly sensitive to frequency param-
eters and exhibits multiple local minima. We focus on 2-operator
FM synthesis as a concrete, controlled setting for analysis and ex-
perimental evaluation, treating the modulation index 8 as known

y(t) = Asin (27 fet + Bsin(27 fit)), €))

where A is the amplitude, f. is the carrier frequency, f,, is the
modulator frequency, and 3 is the modulation index.

Using the Jacobi-Anger expansion, the signal can be decom-
posed into a sum of sinusoidal components:

within each estimation run while optimizing f. and f,,. This 0 i
choice is motivated by the structure analyzed in Section the y(t)=A Z In(B)sin 27 (fe +nfm)t), )
folding and ordering-transition boundaries occur at rational values n=-00

of the frequency ratio and are independent of 3, whereas /3 changes
the relative Bessel sideband weights and hence the prominence of
the ridges. Holding 3 fixed within each run lets us evaluate the
proposed frequency-ratio constraint in isolation from changes in
the sideband-weight distribution; by evaluating several 3 values,
we still test spectra of varying complexity. Throughout, we oper-
ate on normalized power spectra (squared FFT magnitudes); the
overall amplitude A therefore does not affect the loss, and both A
and phase are outside the scope of this magnitude-based formu-
lation. To develop this approach, we analyze the loss landscape
of the Wasserstein distance for FM synthesis under practical FFT-
based spectral representations. We show that the loss exhibits non-
differentiable ridges at rational frequency ratios w = m/n, arising
from two mechanisms: frequency folding creates V-shaped cusps

where J, () is the Bessel function of the first kind of order n.
This reveals that the FM spectrum consists of spectral components
at frequencies f. + n fm with amplitudes proportional to | J,(8)|.

The frequency ratio w = f./f. determines the harmonic
structure. When w is rational, i.e., w = m/n for positive integers
m and n, the spectrum is periodic and can be expressed as integer
multiples of a fundamental frequency. When w is irrational, the
spectrum is non-periodic and the partials are inharmonic.

Chowning [1] describes how negative-frequency components
are reflected at 0 Hz and added to positive-frequency components,
increasing spectral complexity and richness and enabling wide,
flexible control over timbre. This folding effect is central to the
loss-landscape analysis in Section

at w = 1/n where the n-th lower sideband crosses zero frequency, 3. OPTIMAL TRANSPORT

while ordering transitions at other rational ratios cause disconti-

nuities when spectral components coincide or exchange their or- The Wasserstein-p distance between two probability measures
dering. The folding of negative-frequency sidebands significantly W, v on a metric space (X, d) is defined as:

alters the loss landscape structure, introducing nondifferentiable

ridges and local minima that can trap or mislead gradient-based . » 1/
optimizers. Based on this analysis, we constrain the frequency Wy (p,v) = <"€}Ir%£ V) / d(z,y)" dr(z, y)) G
ratio within intervals bounded by consecutive low-order rational TR

boundaries, solving multiple constrained optimization problems where II(u, v) denotes the set of all transport plans (couplings)
and selecting the best solution. Controlled ablations with random with marginals ¢ and v, and p > 1. For p = 1, this reduces to
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the Earth Mover’s Distance, which represents the minimum cost
to transport mass from i to v.

In the one-dimensional case (X = R, d(z,y) = |z — y|),
optimal transport preserves order: crossing transports always incur
extra cost. For z1 < a2 and y1 < y2:

“

In one dimension, this monotonicity property characterizes the co-
monotone transport plan, which is optimal for convex displace-
ment costs and, for discrete measures, is obtained by cumulative
mass matching over the ordered supports .

The cumulative distribution function (CDF) is defined for a
measure p as F, (t) := p((—o0, t]). The difference F, (t)— F, (t)
represents the excess (or deficit) of mass to the left of ¢, which
must cross point ¢ during transport. Integrating the magnitude of
this imbalance over all ¢ yields the well-known one-dimensional
closed-form expression that coincides with the p = 1 specializa-
tion of (3) for X = R and d(z,y) = |z — y| Prop. 2.17; see
also Sec. 5.1]:

|1 — y2| + |22 — y1] > |21 — Y1| + |22 — 2|

Watnv) = [ IE.(0) - Bu(o)]at. )
R
For discrete distributions p1 = 37, aidz, and v = 37 b;dy,,
the CDFs become step functions. Let S = {x;}; U {y;}; be
the union of the two support-point sets, and write its elements in
increasing order as top < t1 < --- < tx. Then W reduces to:

Wi(m0) = 3 [Fultn) = Bolt)]- (ess — ). (6)
k=0

This formulation makes W/ analytically tractable for discrete spec-
tra. When the support points {z;} depend continuously on a pa-
rameter w, Wi(w) is continuous. Moreover, within any region
where the ordering of support points remains fixed, Wi (w) inher-
its the smoothness of the support point functions (piecewise linear
when the dependence is linear). Non-differentiability occurs at pa-
rameter values where either the ordering changes or the support
points themselves are non-differentiable.

In this work, we adopt p = 1 (W) as our loss function. The
Wi distance admits the closed-form CDF expression (Eq. ),
which yields piecewise-linear dependence on the spectral positions
and facilitates the analytical characterization of non-differentiable
ridges presented in Sectio We verified empirically that W5 pro-
duces qualitatively identical loss landscape structure, including the
same ridge patterns at rational frequency ratios, confirming that the
ridge phenomenon is not specific to W;. However, W; gave more
stable optimization than W in this setting. In one dimension, this
metric choice amounts to the familiar L1-versus-L2 norm distinc-
tion, applied to quantile (transport) displacements rather than to
pointwise spectral amplitudes.

4. LOSS LANDSCAPE ANALYSIS

To visualize the behavior of the Wasserstein distance as a func-
tion of FM synthesis parameters, we compute the W/ distance be-
tween the spectrum of a reference FM signal (with f. = 440 Hz,
fm = 220 Hz, 8 = 3, and sampling rate fs = 44 100 Hz) and
spectra generated by varying the carrier frequency f. and mod-
ulator frequency fr,. Unless otherwise noted, all loss-landscape
illustrations in Figs.use this same analysis setting.
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Figure 2: W, distance landscape (same as Fig.) with rational
frequency-ratio lines w = m/n overlaid. The ridges align with
these rational boundaries.

Before comparing these landscapes, recall from Sectionthat
real-valued FM spectra fold negative-frequency components onto
the positive-frequency axis. Thus, a lower sideband at f. +n f, =
fe(1 4+ nw) < 0is observed at f(w) = |fe(1 4+ nw)| in the FFT
power spectrum. This folding changes the support locations and
ordering seen by the one-dimensional W, distance.

Fig.cornpares loss landscapes under different spectral repre-
sentations. Panel (a) shows spectral MSE between Bessel-expanded
spectra without negative-frequency folding; the absence of trans-
port structure leads to numerous local minima and near-zero gra-
dients away from exact peak alignment. Panels (b)—(d) show W
distances under three representations: (b) Bessel spectrum without
folding (full frequency axis [—fs/2, fs/2]), (c) Bessel spectrum
with negative-frequency components folded (reflected) onto the
positive axis [0, fs/2], and (d) actual FFT power spectrum. While
(b) is smooth, it does not reflect the real-valued FFT behavior
where negative frequencies fold onto positive ones. Panel (c) in-
corporates folding analytically, revealing diagonal ridges that also
appear in the FFT-based landscape (d). The close agreement be-
tween (c) and (d) confirms that the Bessel expansion with folding
captures the essential structure of the practical FFT-based loss.

Fig.overlays lines of constant frequency ratio w = m/n on
the FFT-based loss landscape, confirming that the observed ridges
align with rational frequency ratios.

The sideband-level mechanism behind these ridges is illus-
trated in Figs.and Fig.shows a folded FM spectrum at
w = 0.45 and 3 = 3, where the folded lower sidebands (dashed)
appear at positions distinct from, but close to, the upper sidebands.
As w varies, each folded sideband traces a V-shaped curve with
a cusp at the rational value w = 1/|n| (Fig.. This folding is
the key mechanism that transforms the smooth W, landscape of
Fig.b) into the ridged landscape of Figs.c)—(d).

The loss landscape reveals several key properties:

e Target minimum: The W, distance reaches zero at the true
parameters (fo, fr,), confirming that the target parameters
are represented exactly in the plotted landscape.
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Figure 3: FM spectrum after negative-frequency folding (f. =
440 Hz, w = 0.45, 8 = 3). Solid: upper sidebands (n > 0);
dashed: folded lower sidebands (n < 0).

* Non-differentiable ridges: Diagonal ridges emanate from
the origin along lines of rational frequency ratiow = fm/ fc
= m/n. These arise from two mechanisms:

1. Frequency folding: The folded frequency f,n(w) =
| fe(1—nw)]| is a V-shaped function with a non-differ-
entiable cusp at w = 1/n, where the derivative jumps
by 2nf.. This discontinuity propagates directly to
W via the chain rule.

. Ordering transitions: Two folded sidebands fkl and
f&,, coincide when w = 2/|ky + ka| (e.g., (k1, ko) =
(17 _4)7 (17 _6)7 (_37 _4) givew = 2/37 2/57 2/7)7
causing a reordering of spectral components. Since
the W distance depends on spectral ordering through
the CDF (Eq. @), such reorderings produce gradient
discontinuities.

Both effects produce non-differentiable boundaries. Low-
order rationals (e.g., 2/3,2/5, 1/2) exhibit stronger ridges
because they involve low-order sidebands with larger Bessel
coefficients, while high-order rationals produce negligible
ridges due to the rapid decay of |.J,,(3)| with |n|. Conse-
quently, the loss landscape is effectively smooth between
consecutive low-order rational boundaries, so constraining
the frequency ratio to a single such region removes the com-
peting minima that lie in other wedges.

Beyond the ridges, the loss landscape contains competing lo-
cal minima, located both along the rational-ratio ridges and within
the wedge interiors away from any ridge. In practice, the non-
differentiability mainly marks the region boundaries, while the op-
timization difficulty comes from the competing basins and local
minima organized by them.

As can be inferred from the underlying mechanism, the ridge
locations depend primarily on the predicted parameters rather than
the target; consequently, the same ridge structure emerges regard-
less of the target spectrum.

An important observation is that while the positions of these
ridges are determined purely by the frequency-ratio geometry and
are independent of the modulation index /3, the prominence of each
ridge depends strongly on /3 through the Bessel coefficients of the
involved sidebands. Fig.compares the W loss landscape across
several values of 8. At 8 = 1, only sidebands up to order |n| ~ 2
carry significant energy (Carson’s rule), so only the lowest-order
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Figure 4: Folded sideband frequencies f,,(w) = f.|1+ nw|. Col-
ored V-shaped curves show the folded sidebands, with different
line styles distinguishing sideband indices and cusps atw = 1/|n|;
the purple vertical dotted lines at w = 2/7,2/5,2/3 mark order-
ing transitions where two folded sidebands coincide and exchange
order.

ridges (w = 1,1/2) are prominently visible and the landscape is
nearly smooth. As [ increases, higher-order sidebands become
significant: at 5 = 3, sidebands up to |n| ~ 4 contribute, acti-
vating ridges at w = 1/3,1/4,2/5,2/7; at § = 5, sidebands up
to |n| & 6 are non-negligible, further densifying the ridge pattern.
This densification is asymmetric across the w axis: in the high-w
region (w 2 1), consecutive low-order boundaries remain widely
spaced regardless of 3, whereas in the low-w region (w < 1/2),
newly activated higher-order rationals are inserted between already
dense boundaries, further narrowing the smooth wedge regions.
This [-dependent asymmetry explains the strong interaction be-
tween B and w observed in Section Crucially, since reduc-
ing (3 can only deactivate ridges, never create new ones, the full
set of candidate boundaries can be enumerated a priori by comput-
ing ridge prominence at the maximum expected 3.

5. METHOD

5.1. Frequency-Ratio Constraints

As shown in Section the Wasserstein-1 loss landscape exhibits
non-differentiable ridges at rational frequency ratios w = m/n.
These ridges partition the parameter space into disjoint regions
where the loss function is smooth.

To exploit this structure, we constrain the frequency ratio w =
fm/ fe within the interior of a single smooth region during opti-
mization. Specifically, we impose the constraint:

w € (we, wa) )
where wy < w,, are consecutive low-order rational boundaries.

To enforce this constraint differentiably, we reparameterize w
using a sigmoid transformation:

®

w=we + (wu —we) - o(a),

where o (-) is the sigmoid function. Rather than optimizing w di-
rectly, we optimize the unconstrained parameter a € R. The sig-



Proceedings of the 29th International Conference on Digital Audio Effects (DAFx26), Cambridge, MA, USA, 1-4 September 2026

B=1 B=2
T 1.0
£
wn
wn
o
-
=
05 o
2
2
®
[}
o
N
<
0.0
£

400
fe [Hz]

600
fe [Hz]

Figure 5: W loss landscapes for 8 = 1,2,3,5 (fe = 440 Hz,
fm = 220 Hz). Panels are independently normalized for visibility.
Ridge positions are (-independent; higher (3 activates additional
ridges via higher-order sidebands.

moid maps any real value a to the open interval (w¢, wy ), allow-
ing standard gradient-based optimizers to operate without explicit
projection steps. The modulator frequency is then computed as
fm = w - fe, ensuring that the frequency ratio constraint is satis-
fied throughout optimization.

By restricting w to a single wedge-shaped region between con-
secutive low-order ridges, the optimizer is confined to that region
while the competing local minima on all other ridges and in the
other wedge interiors are structurally excluded from the search
space, leaving far fewer minima for gradient-based methods to
contend with.

5.2. Multi-Start Strategy

Since the true frequency ratio is unknown a priori, we run inde-
pendent optimizations for each wedge region (wék),wl(tm), k =
1,..., K, each initialized at its midpoint. The solution with the
lowest W loss across all regions is selected as the final estimate.
For target ratios lying in the interior of one wedge, this multi-
start approach ensures that one subproblem contains the true w,
while the per-region cost remains low due to the constrained search

space.
6. EXPERIMENTS

6.1. Experimental Setup

We synthesized FM signals at a sampling rate of fs = 44 100 Hz
with N = 65536 samples (approximately 1.5s). The FFT was
computed with Nppr = 131072 (2x zero padding), yielding
a frequency bin spacing of approximately 0.34 Hz and smoother
gradients for optimization. A Hann window was applied to the
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signal before computing the FFT. Spectra were computed as nor-
malized power spectra (squared FFT magnitudes).

The parameter search space was defined as f. € [30,2000] Hz
and f,, € [20,1500] Hz. We evaluate modulation indices 8 €
{1,2,3}, covering the range from near-sinusoidal to moderately
complex spectra with up to 8 significant sidebands. In this range,
the significant sidebands remain below Nyquist (fc+(8+1) fm S
8kHz <« fs/2 = 22050 Hz), so the experiments isolate 0-Hz
folding rather than sampled-band aliasing. Ridge boundaries were
set at w € {1/4,2/7,1/3,2/5,1/2,2/3,1,2}, partitioning the
frequency-ratio space into K = 9 disjoint smooth regions (in-
cluding the regions below 1/4 and above 2). These boundaries
correspond to the prominent folding cusps and ordering transi-
tions visible in Fig. which arise from sidebands up to order
|n| = B+ 1 = 4 (the maximum 3 used in our experiments). Note
that w = 1 is a ridge boundary where f. = fi,, corresponding to
a degenerate case that we exclude from evaluation.

All methods were implemented in PyTorch (v2.5.1), using au-
tomatic differentiation to obtain gradients of the W; loss with re-
spect to the synthesis parameters. For each test case, the carrier
frequency f. and the frequency ratio w are optimized together as
free variables of a single Adam optimization (learning rate n =
0.02, 1500 iterations) over the shared W loss. Since f,, = wfe,
both frequencies are thus estimated concurrently rather than in sep-
arate stages. The K = 9 candidates of a case are optimized in
parallel as a single batched tensor operation, with each candidate
updated independently. For the Constrained strategy, the sigmoid
reparameterization of Eq. (8) keeps w within its assigned wedge at
every iteration, so the constraint is enforced by construction rather
than by penalty or projection. On a single NVIDIA RTX A6000
GPU, one case (nine candidates, 1500 iterations) completes in ap-
proximately 3.4 s.

We compare three optimization strategies:

¢ Constrained: The frequency ratio w is constrained to sat-
isfy Eq. (7) throughout optimization.

¢ Init-only: Parameters are initialized within a constraint re-
gion, but no constraints are enforced during optimization.

* Random: Random initialization without any constraints
(baseline).

For Constrained and Init-only, we place one initial point per wedge:
w starts at the wedge midpoint, and f. at the midpoint of the fea-
sible carrier range satisfying fm, = wfc € [fm,min; fm,max]- This
placement avoids the ridge boundaries where discontinuities occur
and ensures that both constrained methods start from equivalent
positions, isolating the effect of maintaining constraints during op-
timization. For the Random baseline, the same number of initial
points (K = 9) are drawn uniformly from the full ( f¢, fm) search
box.

6.2. Evaluation

We generated 90 test cases using a factorial design with three fac-
tors: carrier frequency f. € {200, 400, 700} Hz, frequency ratio
w € {1/4, 0.30, 1/3, 2/5, 1/2, 0.55, 2/3, 0.85, 1.5, 1.8},
and modulation index 8 € {1,2,3}. The frequency-ratio grid
includes exact ridge boundaries (w 1/4,1/3,2/5,1/2,2/3)
and nearby off-boundary values (0.30, 0.55), intentionally stress-
testing boundary cases. Each test case was evaluated over three
independent trials for the Random baseline. The estimation qual-
ity for each parameter is measured as the relative error in percent,
e.g., 100 - |& — w™|/w™ for the frequency ratio.
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Table 1: Parameter estimation errors (%) and success rate. Errors
show median/p90. Succ. = fraction with w error < 1%. Best in
bold.

Table 2: Audio-domain spectral metrics. SOT: Spectral Optimal
Transport (W1); Mel: log-Mel MSE; LSD: Log Spectral Distance
(dB). Best in bold.

Method Suce. T wl fel fmd

Constrained 96.7%  0.11/0.64 0.10/0.42 0.16/0.56
Init-only 80.0% 0.22/11.38 0.08/7.48 0.14/14.46
Random 68.1% 0.25/44.99 0.09/24.59 0.17/24.95

Table[1]summarizes the results. We define success as achiev-
ing w error below 1%. The Constrained method succeeds in 96.7%
of trials, compared with 80.0% for Init-only and 68.1% for Ran-
dom, demonstrating substantially higher reliability. Notably, the
Constrained method exhibits a strongly bimodal error distribution:
all trials either converge to sub-1% error or fail with error exceed-
ing 10%, with no intermediate cases. As discussed further in Sec-
tion the sharp failure cluster is concentrated in the intention-
ally included worst-case low-order rational boundary cases, while
boundary and near-boundary cases more generally account for the
largest residual errors. This sharp separation makes the success
rate insensitive to the exact threshold choice.

The three methods differ not in typical accuracy but in fail-
ure severity. The median errors are comparable across all meth-
ods, indicating that the majority of test cases converge success-
fully regardless of strategy. However, the distributions are strongly
right-skewed (skewness>4), shown in Fig.@ while the interquar-
tile ranges for Constrained and Init-only are near zero, the upper
tails diverge sharply. The 90th percentile (p90) captures this di-
vergence: the Constrained method maintains sub-1% p90 errors
across all parameters, whereas Init-only and Random exhibit p90
errors up to 14% and 45%, respectively. In practical terms, the p90
reflects how severe a one-in-ten worst case is, a quantity directly
relevant to the reliability of an automatic parameter estimation sys-
tem. The similarity in medians partly reflects the dominance of
easy cases (low f3); Sectionexamines how performance varies
with 8 and w.

Tablereports magnitude-based audio-domain metrics: Spec-
tral Optimal Transport loss (SOT, i.e., W; between normalized
power spectra), log-Mel spectrogram MSE (Mel), and Log Spec-
tral Distance (LSD) in dB. We follow the metric set of Peladeau
et al. [9], but the values are not directly comparable because their
setting fixes the carrier frequency and estimates the modulation
index and frequency ratio, whereas ours fixes 5 and jointly es-
timates f. and f,,. We omit SI-SDR because even sub-percent
carrier-frequency errors cause accumulated phase drift, making
time-domain scores unreliable in our setting.

The median values are comparable across all three methods;
the Constrained method shows slightly higher median SOT than
Init-only and Random, likely because the sigmoid reparameteri-
zation introduces minor residual error when the true w lies on or
near a wedge boundary. However, the p90 values reveal the same
pattern as Table the Constrained method maintains substantially
lower worst-case spectral errors across all three metrics (Table,
confirming that the constraint improves reliability at the cost of
negligible typical-case overhead.

6.3. Discussion

Figureillustrates representative optimization trajectories for a
challenging case (f. = 400 Hz, w = 0.25, 8 = 3). Each panel
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SOT | Mel | LSD |
Method med. p90 med. p90 med. p90

Constrained 0.76  29.61 042 5.60 3.73 7.80
Init-only 072 38.69 0.67 3462 389 924
Random 0.69 5683 052 9887 428 1196

shows the W loss landscape in the (f¢, fm ) plane with the ground
truth marked by a green circle. Yellow stars indicate initial points,
colored curves show optimization paths, and the red star marks the
selected best solution. White dashed lines denote the rational ridge
boundaries w = m/n.

The Constrained method (left) successfully converges to the
ground truth: each trajectory remains within its designated wedge
region, avoiding ridge crossings. In contrast, the Init-only method
(center) starts from the same well-placed initial points but crosses
ridge boundaries during optimization, becoming trapped in a lo-
cal minimum in an adjacent wedge. The Random method (right)
initializes at arbitrary locations, traverses multiple ridges, and be-
comes trapped in a smooth interior basin far from the ground truth,
illustrating that traps arise not only at ridges but also within wedge
interiors.

This visual comparison highlights the core insight: maintain-
ing the frequency-ratio constraint throughout optimization, not just
at initialization, is essential for reliable convergence in complex
loss landscapes.

The experimental results reveal a strong interaction between 3
and the effectiveness of each method (Fig.. At 8 = 1, all three
methods achieve comparable error distributions, whereas at 3 = 3,
the Constrained method substantially outperforms Random. Quan-
titatively, the p90 w errors at 8 = 3 are 4.2%, 35.5%, and 351.4%
for Constrained, Init-only, and Random, respectively, compared
with 0.3%, 1.1%, and 2.0% at 8 = 1. As analyzed in Section
higher S activates more sidebands and densifies the ridge pattern,
increasing the density of spurious local minima that trap uncon-
strained optimizers. The Constrained method is robust to this ef-
fect because each subproblem is confined to a single wedge, ex-
cluding the spurious minima associated with all other ridges re-
gardless of spectral complexity.

The interaction with frequency ratio w has a geometric expla-
nation (Fig.@. The box plots confirm that errors are concentrated
in the low-w region (w < 0.5), where Random and Init-only ex-
hibit wide distributions with large outliers, while the Constrained
method maintains tight distributions across all bands. For w < 0.5,
the p90 w errors are 0.7%, 33.3%, and 177.8% for Constrained,
Init-only, and Random; for w > 1, the corresponding p90 errors
are only 0.1%, 0.3%, and 0.1%. Since ridges in the (fc, fm) plane
are radial lines through the origin (Fig., the distance between
consecutive ridges at a given f. is f. - Aw. At low w, where ra-
tional boundaries are densely spaced, the wedge regions become
very narrow: for example, at f. = 400 Hz, the wedge between
w = 1/4 and w = 2/7 spans only 400 X 1/28 ~ 14 Hz in fy,,
whereas the wedge between w = 1 and w = 2 spans 400 Hz.
These narrower wedge regions make it easier for unconstrained
optimization trajectories to cross ridge boundaries and become
trapped in adjacent wedges, disproportionately affecting the Ran-
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Figure 7: Optimization trajectories for f. = 400 Hz, w = 0.25, 5§ = 3. Green circle: ground truth; yellow stars: initial points; red star:
best solution; trajectories connect sampled steps at 300, 800, and 1500 iterations. Panels (a) and (b) use a reduced plotting range, while

panel (c) retains the full range.

dom and Init-only methods. They also reduce the admissible range
of w itself, so the constrained subproblem approaches an effec-
tively one-dimensional search in f. within a fixed local ratio band.
The Constrained method is also affected to a lesser extent: in very
narrow wedges, the sigmoid reparameterization maps to a small in-
terval, which can cause gradient attenuation near the boundaries.
Indeed, all failures of the Constrained method (9 out of 270 trials)
occur at w = 1/3 with 8 = 3, where the true w lies on a ridge
boundary and therefore on the edge of two adjacent wedges. More
broadly, the largest residual errors are concentrated on or near the
rational-ratio boundaries that were intentionally included as worst-
case stress-test conditions. In these cases, neither wedge contains
the true w in its interior, and the multi-start selection instead con-
verges to a competing low-ratio local minimum (& ~ 0.22). This
limitation arises from the current non-overlapping boundary-based
partitioning strategy and could be mitigated by including overlap-
ping wedge regions around each boundary.

As noted in Section the ridge positions are [3-independent,
so the wedge boundaries used in our method do not require precise
knowledge of . Since ridge prominence increases monotonically
with 8 for each boundary (higher 5 activates more sidebands),
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computing boundaries at the maximum expected 3 yields a con-
servative partition valid for all lower values, at the cost of slightly
more wedge subproblems.

7. CONCLUSION AND FUTURE WORK

We presented a gradient-based optimization strategy for FM pa-
rameter estimation that exploits the effectively smooth structure of
the Wasserstein loss landscape between consecutive low-order ra-
tional boundaries. By analyzing the loss landscape of 2-operator
FM synthesis under FFT-based spectral representations, we iden-
tified non-differentiable ridges at rational frequency ratios w =
m/n arising from frequency folding and ordering transitions. Our
proposed method constrains the frequency ratio within intervals
bounded by consecutive low-order rational boundaries, improv-
ing convergence reliability in the tested setting. Experimental re-
sults from controlled ablations showed that maintaining the con-
straint throughout optimization improves reliability over random
initialization and initialization-only strategies, particularly for more
complex spectra at higher modulation indices.

Preliminary investigation of 3-operator FM synthesis suggests
that the ridge structure in its loss landscape can be analytically
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characterized in a similar manner to the 2-operator case. For ex-
ample, a 2-dimensional cross-section of the loss landscape over the
two modulator frequency ratios (fim, /fe, fmo/fc) reveals that, in
addition to rational ratios of each modulator frequency to the car-
rier, ridges also arise at rational combinations of the two modulator
frequencies. Future work includes higher-order FM and joint es-
timation of modulation indices and envelopes. Another direction
is to analyze aliasing regimes where significant sidebands cross
Nyquist and may introduce additional ridges. Since the present
study used FM-synthesized targets only, future work should also
address arbitrary audio targets and perceptual listening evaluations.
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