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ABSTRACT

The Mobius strip is perhaps the most recognizable topological ob-
ject of general knowledge. It can be described mathematically in
various ways including the formalism of line bundles. In this paper
we discuss the bundle idea in the context of digital processing over
a circular buffer and show how the idea leads to a more general no-
tion known as monodromy, which describes the effect of the space
on traversing a circle once. In this formulation, the monodromy
of the Mobius strip is an orientation inversion characterized by a
change in sign. This in turns leads to the concept of the winding
number, which describes how many windings it takes to return to
the original state. We discuss variable monodromy and illustrate
that the winding number is robust under this variation. This will
allow us to interpret previous disparate results in audio signal pro-
cessing from Mobius waveguides to chaotic oscillators in delay
loops in one unified framework. We close by showing how ex-
tending from line to vector bundles opens up the notion of braids
to describe monodromy.

1. INTRODUCTION

The Mobius strip is perhaps the best known example from topol-
ogy that transcends training and expertise. The non-orientability
property, and its consequences, along with the simplicity of con-
struction, make it a continued object of intrigue [1]. However, the
Mobius strip behavior can also appear unexpectedly. Using a dou-
ble cover argument, it was shown that mixed boundary conditions
of 1-D wave equations behave like Mobius strips [2], which in
turn explain effects such as halving of the fundamental frequency
compared to boundary conditions that are not mixed. Examples of
musical instruments with such properties are capped organ pipes,
which are half the pitch of their uncapped counterparts, and reed
wind instruments like the clarinet, which do not have to be as
wound up as brass instruments for the same register range. Ex-
plicit construction of Mobius strip-like behavior in the modeling
of a physical string goes back to Trautmann [3]. One aim of the
current paper is to explain both of these approaches from the per-
spective of line bundles. This in turn allows us to connect this
work to the work in matrix theory involving skew-circular shifts
and skew-circulant matrices. This leads us to formulate an ele-
mentary form of a Mobius circular buffer.

Copyright: © 2026 Georg Essl. This is an open-access article distributed
under the terms of the Creative Commons Attribution 4.0 International Li-
cense, which permits unrestricted use, distribution, adaptation, and repro-
duction in any medium, provided the original author and source are cred-
ited.
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Although various approaches to modeling the Mébius strip are
well-known in the mathematical literature, they rarely make an ap-
pearance in digital signal processing, and if they historically did,
the Mobius property was often only recognized after the fact. For
example, the Johnson counter [4], was developed to minimize the
number of physical gates in digital ring counter design. It uses one
inversion between flip-flop stages to double the number of states
that can be captured in a circular (ring) shift configuration. This
has since been realized to be essentially a Mobius strip and hence
this counter is sometimes called twisted or Mobius counter |5].

In this paper we want to discuss the Mobius strip in the con-
text of interpreting the digital signal processing on circular buffers
in terms of line bundles over a discrete circular space. Extending
the line bundle from real to complex data leads to the notion of a
circle bundle as well as to the notion of a 2-dimensional real vec-
tor bundle. We develop intuitive yet central concepts in a setting
familiar to audio signal processors, such as the notion monodromy
[6], the change of behavior as one goes around a loop once, and
the related concept of the winding number |7], which in our con-
text counts how often we have to wind around a loop to return to
an identical state. This concept is also known as periodic orbit in
the nonlinear dynamics literature [8]. By accumulating the effects
of monodromy, we arrive at the winding number. Monodromy
describes local behavior, while the winding number describes the
global consequence thereof. We anchor our discussion on the fa-
miliar notion of a circular buffer and define monodromy on this
structure.

Specifically, we will describe the real and complex line bun-
dle, though the complex case could also be called the circle bundle,
and describe how the notion can be extended to finite-dimensional
vector bundles. Following the lead of work on chaotic oscilla-
tors inside circular buffers by Berdahl-Sheffield-Pfalz-Marasco |9]
we discuss how nonlinear local discrete one-step iterations fit into
analysis of periodic orbits on circle bundles, leading to concrete
examples of vector bundles and illustrate the robustness of the
winding number to characterize fundamental frequencies. We use
the visual notion of braiding to suggest intuitive ways to think
about windings from interconnected circular buffers of a finite-
dimensional vector bundle, and giving us a way to interpret the
double cover pictures from Essl [2].

2. RELATED WORK

In recent years, topology has found increasing applications in au-
dio signal processing and synthesis [11//12]. These ideas live
in a broader development of fields of topological data analysis,
topological signal processing [13], and the emergence of applied
and computational topology as a branch of topology, mathemat-
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(a)

Figure 1: A finite discrete sequence of 32 samples x[n] of a sampled sine of period 16.

(b)
]I[ ~1: sample sequence domain with boundaries

at0and N — 1.]1 ~: sample sequence domain without boundaries on a discrete circular domain of period N (from [10])

ics, and theoretical computer science which advances topological
techniques with applied relevance [14].

Within the context of applied and computational topology, ap-
plied uses of vector bundles have been investigated [15!/16] out-
side of audio signal processing. Within signal processing, a related
proposal is the use of graph fibers [17]. Applications of real and
complex vector bundles have also found numerous applications in
computer graphics [18].

Trautmann [3] gave the first explicit construction of a synthe-
sis method on a Mobius strip. He constructed a waveguide model
of the wave equation as interpreted living on the strip. The real-
ization that mixed Dirichlet-Neumann boundary conditions of the
1-D wave equation constitute a Mobius strip was given in Essl [2]
using a topological double cover argument over loops.

The discussion in this paper uses fiber bundles as fundamen-
tal building blocks [19]. These are closely related to sheaves [20],
which play an important role in many topological signal process-
ing approaches [13]. An intuition for the how these concept relate
in the context or our discussion is the following: Finite dimen-
sional vector bundles are related to sheaf-based models using finite
vector spaces whose dimension stays constant.

Skew-circular shifts, and skew-circulants, though without the
Mobius interpretation, are classical topics in the theory of matrices
|21)]1221|23]. The skew-circular shift was explored in the context
of digital signal processing in connection with number-theoretic
methods in signal processing [24] but without a geometric or topo-
logical explanation and in the context of more recent efforts to de-
velop a theory of algebraic signal processing [25]. The theory of
vector bundles is well-established within algebraic topology |26].

Vector bundles, including the use of line bundles to describe
the Mobius strip, were investigated in the context of mathemati-
cal control theory [27]. Monodromy, although usually without the
use of vector bundles, appeared in the study of periodic differen-
tial equations and dynamical systems 28] and was used as part of
generative audio systems [29].

Despite all this, there is a lack of exposition that brings these
ideas together. The occurrence of Mobius strips and the role of
twists do not appear to be common knowledge in audio signal pro-
cessing and synthesis, and the use of skew-circular shifts [30] and
monodromy [31J|32] is rare. Hence, providing an accessible expo-
sition of these sets of ideas is an additional goal of this paper.
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3. FROM INTUITION TO FORMALISM: LINE BUNDLES

The distance from a more general abstract mathematical notion to a
familiar setting in digital signal processing is at times much shorter
than one might fear. When it comes to line bundles, an argument
can be made that we are familiar with the notion at least implicitly.
We often depict digital signals as data samples over a discrete time
line, viewing the relationship between time and sample as a Carte-
sian product in the Euclidean plane to show graphs. This depiction
is found in Figure Although perhaps less frequently, yet still
rather comfortable are the circular arrangements of samples to de-
pict a signal in a circular buffer , as is seen in Figure(Figures
from [10].

The Euclidean plane in which we depict this figure does a lot
of work for us in this context. If we compare one sample to the
next, we assume that they all are comparable with respect to their
scale with regard to the axis, which in turn lives in this plane. The
idea of fiber bundles is to think of this plane as being decomposed
into the individual samples, and that we explicitly describe how
the space on which one sample exists corresponds to the space
of the next sample. Imagine that Figurewas cut into vertical
strips that each contained only one sample. We want to specify
how these individual strips should be assembled. Notice that it is
best to think of these strips as independent from the actual sample
data. They are lines along the vertical axis that allow for all pos-
sible values of the sample data. You could have a sample with a
different amplitude on the line. So in this sense, we are concerned
with the underlying space on which the sample lives. This is di-
rectly analogous to having storage for a sample that we shift and
manipulate. The storage allows for all possible samples of a type,
but connected storage might specify how they transfer samples be-
tween each other. In the bundle perspective, we call the storage a
fiber.

An important aspect of this decomposition of space per sam-
ple is that we use only the discrete (possibly circular) order of the
underlying discrete time line. It is flexible how these samples ac-
tually correspond to some reference time. In this sense, we have
liberated ourselves from a hard-embedded version of signals, to a
more topological perspective of the space the signal lives on. This
emphasizes the notion that the transfer of data between positions
specifies everything of interest, not how data lives in some sub-
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(a)

(b)

Figure 2: Line bundles of a circular buffer of length 16.Trivial Line Bundle as corresponding to the classic circular buffer. Mdbius
Strip via a Line Bundle with a twisted identification, corresponding to a circular buffer with one sign inversion in the loop.

strate space. Hence, this is also a more intrinsic view of data, and
is applicable to numerous embeddings.

Perhaps we want to specify only the orientation and nothing
else. If we keep the original orientation between two neighboring
fibers, this is equivalent to multiplying the underlying data by 1.
If we want to flip the orientation between neighboring fibers, we
multiply the underlying data by —1. But we want to view this map
as a linear map between fibers.

Therefore, consider the data in the fiber to be a one-dimensional
vector space R, and the map between neighboring fibers is indeed
alinear map t : R — R. The map ¢ is called transition map in the
literature on fiber bundles [26]. In general, a vector bundle can be
completely described by transition maps alone [19].

For our discussion, we will further require that it is a unitary
map. This means that the data between fibers is not rescaled. This
can be generalized to isomorphic maps, but we will stick to this
reduced setting because all the effects we care about can already
be seen in this case.

A fiber bundle E collects this information together. It consists
of the base space B and the fibers F'. Each fiber is attached to a
point of the base space, so we always have a way to get from a fiber
in the bundle F to its base point B via a projection 7 : £ — B.
Locally, this looks like the Cartesian product F' x B that we would
traditionally use globally to define the graph of Figure We
will only consider fibers that are finite-dimensional vector spaces,
which in turn are called vector bundles, and they can be real or
complex.

In this paper, the base space is a discrete circle, which one
can think of the usual circle subdivided into n segments and the
original distances disregarded. Visually, it looks like n discrete
points in with a circular order. Fibers are always either real or
complex finite-dimensional vector spaces, and transition maps are
always invertible linear maps between fibers.

Bundles are usually considered over more general topological
spaces than just finite discrete ones, where (co)limits are important
to keep track of data as one zooms in and out. However, given that
we deal with finite discrete spaces, this particular feature does not
play any role for us, leading to a much simpler picture. In par-
ticular, it allows us to consider only neighboring transition maps
for our discussion rather than the picture of all possible transition
maps of growing and shrinking neighborhoods and their overlap.
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4. CLASSIC AND MOBIUS CIRCULAR BUFFERS

The customary circular buffer, which we will give the attribution
classic, is what is called a trivial line bundle, which is formalized
as saying that all transition maps are identity maps. For a line bun-
dle, this means that the transition map, a scalar multiplication, is
1 everywhere. This is depicted in Figure|2(a)|the double line in-
dicates the unit position. If we introduce a —1 transition between
two neighboring fibers locally, we end up with Figur For the
signal, this means that we flip the sign of the signal at one transition
in the circular loop. The location of the sign change is clearly in-
dicated by the crossing lines. Notice that, essentially by definition,
this line bundle is not trivial, but we also immediately see what that
means. Due to the crossing of what used to be a single double line
on each fiber, we now have two double lines on each fiber. This
is one of the ways one can characterize the Mobius strip. As one
follows along one rim of the strip, one will actually traverse both
rims before returning to where one started. During this process,
one will traverse both signs (or “orientations”), which means that
unlike in the case of the trivial line bundle, we cannot choose the
orientation. This is the topological property for which the Mobius
strip is famous. The pattern of the double line in Figure[2(b)]is
the double cover picture given in [2], which is, however, derived
from mixed boundary conditions of a digital waveguide leading
one reflection flipping the sign as depicted in Figure right). In
Trautmann’s work two copies of this structure are present because
the vibration is modeled to occur on a Mobius strip and both left
and right traveling waves of the d’ Alembert solution are modeled,
and each has to follow the underlying topology of the strip as seen
in Figure The Mébius circular buffer of Figurehence
appears twice. As we will see next this structure described as a
special case of r-circular shift matrices.

C O > >

Figure 3: Double covers of a 1-D waveguide for (left) two signed
(middle) no signed and (right) one signed reflections [2].
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(b) Trautmann’s commuted waveguide on a Mobius strip.

Figure 4: Versions of Waveguide models of the Mobius circular buffer. EThe elementary Mobius circular buffer interpreted as a
commuted waveguide of mixed boundary conditions. The commuted version of the twisted waveguide modeling a string on a Mobius

strip after Trautmann [3].

5. MATRIX REPRESENTATION OF r-CIRCULAR
SHIFTS

A circular shift can be represented as a matrix operator. All our
matrix operators are finite square matrix of some fixed size n cor-
responding to the length of the circular buffer. An element is
copied by unit multiplication from one position to a neighbor-
ing position, and the old content is erased by a multiplication by
0. Hence, the matrix captures the directional transition from one
discrete fiber to its neighbor, and can equivalently be constructed
from adjacency relationships of the underlying domain [25]. If
our matrix contains only entries of 1, we recover the classic circu-
lar shift C'. The Mobius (twisted, or skew) circular shift M inverts
the sign on one transition in the cycle. Both of these cases can be
encapsulated in an r-circular shift [21]. Up to convention of shift
direction we chose the following form of the circular shift:

01 0 0

0 0 1 0
A= S M

0 0 0 1

r 0 0 0
where choosing r = 1 recovers C' := A(r = 1) and r = —1
recovers M := A(r = —1). Clearly both of these cases lead to

real unitary matrices, and we have an immediate generalization to
complex unitary matrices if r € C,r = a +ib,a,b € R, |r| =
Va2 +b2=1.

Assume that we have a discrete circle base space of n samples,
then we can represent the signal on each fiber as a vector at some
discrete time index ¢ as v¢[0,...,n — 1]T of n € N values in R
and the effect of a discrete time step is the operation: v;y1 = Awy.

None of our discussion differs based on the shift direction, and
hence we will assume one first direction for the shifts without loss
of generality. However, construction in the opposite direction of
is straightforward as the opposite direction clearly is the in-
verse, which, given that these matrices are clearly orthogonal, is
the adjoint. Hence, the opposite shift is A~' = AT if r € R.
Given that r preserves the (complex) unitarity of A the inverse in
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this case is the complex conjugate transpose A~! = A*. The
underlying geometric intuition comes from the multiplication by
a unitary complex number 7 acting as a rotation in the complex
plane. The complex conjugate yields the same rotation in the op-
posite direction.

6. MONODROMY AND WINDING NUMBER

The monodromy describes the effect that is observed as one tra-
verses a loop once. We can formalize this by asking what happens
when we apply the shift operator to a circular buffer n times, where
n is the length of the buffer. This is equivalent to completing one
loop or cycle. Hence, we have ;n = A"™. For the classic circular
buffer C' we observe that the monodromy pc = C™ = I is the
identity. This means that when we shift a circular buffer n times
we get back to where we started (which is the same as never hav-
ing shifted at all). The monodromy in this case is not particularly
interesting.

However, observe that for the monodromy of the M&bius cir-
cular buffer uar = M™ = —I we get the negative identity matrix.
So the Mobius circular buffer inverts the sign of the signal. If
we take the more general case of the r-circular buffer A we have
pua=rl.

If we go around the Mobius circular buffer twice, we observe
that we recover the identity:

pa=M" =1 @
Traversing around a Mobius strip means going through both orien-
tations in succession to return to the identity. This is an alternative
way to think about its non-orientability.

This setup suggests the question: For a more general r-circular
buffer, can we find the identity by repeatedly applying its mon-
odromy 4? Is there a finite number w € N for which p% #
IVk < w € Nand p%f = I? If the answer is yes, we call
w the winding number. The winding number counts how many
times we have to complete n-shifts around the loop to return to the
starting configuration. As we already saw from equation that
the winding number for the Mobius circular buffer is 2, while the
winding number of the classic circular buffer C'is 1. The winding
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number gives us an immediate comparison between the number of
completed loops needed to return to the identity between different
monodromies. For example, the ratio between the classic and the
Mobius circular bufferis 1 : 2.

If we only consider unitary real r-circular buffers, there are
only two possible unitary values, —1 and 1 hence we have already
covered this case completely. This observation holds for shift ma-
trices with arbitrary numbers of —1 and 1 entries in the following
way: If the number of —1 entries is odd, the monodromy is —1,
otherwise it is I. The monodromy does not capture finer detail
than the parity of sign changes per completed loop.

If we consider unitary complex r-circular buffers, any multi-
plication by a unitary complex number 7 constitutes a pure rotation
in the complex plane. Rotations are finitely periodic if and only if
they can be expressed as rational numbers relative to the circumfer-
ence. Hence, monodromy can be expressed for r = 27/ where
c,d € Nt with ¢ < d. To arrive at a closed circle using rational
increments we have 7% = ¢?27¢/% = ¢i2™ — 1 hence naively
we will have a closed winding after d iterations. However, we are
interested in the first closed loop, which can occur earlier if ¢ and
d share a common divisor. Hence, we have w = d/ gcd(c, d). For
example, if we progress by 2/3 of a circle, we have w = 3.

6.1. Topological interpretation of invertible line maps

The unitary complex numbers form a circle topologically, hence
we can think of the unitary complex line bundle also as a circle
bundle. In fact, even the unitary real numbers can be thought of as
a 0-dimensional circle, which consists of two disconnected points
[26]. This is a more topological interpretation of the above obser-
vations. The real case offers two distinct but discrete possibilities,
while the complex case offers a continuous choice in principle but,
having a rational subset from which we draw constructions with
finite winding numbers.

Setting aside stability considerations, this argument extends to
non-unitary cases as follows [33]: The class of general linear in-
vertible maps R* := GL(1,R) = R\ {0} is the real line without
the 0 element, hence is disconnected at this point, hence still sep-
arating orientation. R* is homotopic to two separate points. This
indicates that there is an essential topological separation of all in-
vertible linear maps on R. On the other hand C* := GL(1,C)
C\ {0} are all non-zero complex numbers under multiplication, of
which the unitary complex numbers are a subset. C* is homotopic
to the circle.

7. SPECTRAL BEHAVIOR

Circular shifts have a fundamental relationship to discrete Fourier
transforms. Circulant matrices is the matrices of all possible cir-
cular m-shifts, m 1,...,n — 1 as off diagonals. The dis-
crete Fourier transform diagonalizes circulant matrices. In diago-
nal form, the spectrum can be read off from the diagonal. In other
words, the DFT moves from a shift perspective (circular convo-
Iution) to a spectral perspective (eigenvalues in the diagonal) and
vise versa. A completely parallel construction for r-circular shifts
and r-circulant matrices and their diagonalization, which includes
the case that » = —1, which is known as skew-circulant [21/24].
The monodromy of the circular shift already suggests how we
get eigenvalues. Given that eigenvalues are the scalars of the di-
agonalized matrix, which is indeed achieved by n cyclic shifts. It
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follows from 4 = rl that the eigenvalues must be:
At =r 3)

Since |r| = 1, all solutions of A™ = r lie on the unit circle. We
will enumerate the n roots of unity with the index k = 0,1,...,n—
1. Therefore, the spectrum is shifted by the set of the n distinct nth
roots of r.

MA), = r/mwk 4

where w,, = e is the familiar nth root of unity and r/n
denotes any fixed choice of an nth root of r. This provides the
general solution for any r, including irrational ones. We call ri/m
the monodromy modulation of the spectrum of the classic circular
buffer.

Classic circular shift: If » = 1 then this is just the standard spec-
trum of a circular shift.

27i/n

N =1=e?" )
The eigenvalues are:
AC)k =w)y = 'C™H/m (6)
Mbobius circular shift: If » = —1 the monodromy requires that:
At =—1=¢" ©)

Observe that the Euler identity describes precisely the case of the
Mobius circular buffer spectral shift. The eigenvalues are:

A(M)k _ €iﬂ-/nwfb :ei(fr+27'rk)/n

_6i277(2k+1)/2n

®

Subharmonic circular shift: If r = e*2™% with a complex rotation

that is a uniform subdivision of the full rotation such that 6™ = 1:

g = i2m)/m ©)
A — 0 = 6'L'(27'r)/'m (10)
The eigenvalues are:
A(A)k; — el/nwk :eiZﬁ(l/m+k)/n
! (an

_ei27r(mk+1)/mn

7.1. Fundamental frequencies

We will call the lowest possible oscillatory frequency, the funda-
mental frequency. The fundamental frequency for the standard
circular spectrum is found at [ = 1, since [ = 0 is the constant
function, we have an angular frequency 27 /n. All other cases are
subject to monodromy modulation. Its effect of monodromy mod-
ulation in general is to lift the case [ = 0 away from being con-
stant. For the Mobius circular shift we find that the fundamental
frequency occurs at k = 0 and is 7w /n. This confirms a number of
properties of the Mobius strip. The absence of a constant function
in the spectrum reflects the non-triviality of the line bundle. The
halving of the fundamental frequency reflects the doubling of the
winding number (usually called wavelength) due to the need to tra-
verse the circle twice to close the loop. This is a well known prop-
erty of musical instruments that are well approximated by mixed
boundary conditions such as capped organ pipes and reed instru-
ments [34]|2]. In general, a subharmonic monodromy modulation
leads to a fundamental frequency at [ = 0 of 27 /(mn), hence the
larger m, which corresponds to a smaller subdivision of the circle,
the lower the fundamental frequency.
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7.2. Harmonics

Only the spectrum of the classic circular shift allows for a constant
solution, which is excluded as the lowest oscillatory frequency.
For this reason, it seems that the frequencies are shifted down with
monodromy. However, technically, all frequencies are shifted up
by monodromy as a consequence of the monodromy modulation
of equation . This observation is crucial for really understand-
ing the changes in harmonic components in the spectrum. This
also explains the odd harmonics in the Mdbius case, because the
Oth eigenvalue becomes the lowest oscillatory frequency and all
other frequencies are also shifted up. By adding a constant 1/2 to
the harmonic index starting with 0 we get 0 + 3 = 2,1+ 1
3...,(n—=1)+ 3 = 22 Given that division by 2 is a
shared factor, when viewing harmonics as ratios, we arrive at an
odd-harmonic spectrum. This is the observed spectrum of straight
pipe wind instruments, where one end effectively acts as closed
while the other is open, such as the clarinet and its precursor, the
chalumeau, and capped organ pipes |34].

The same argument predicts that the harmonics starting with
the “subharmonic” fundamental frequency of r = ¢!>™/™) are
k+ L (mk + 1)/m. This leads to an increasingly sparse
harmonic sequence the bigger m. For example, for m = 7 we
see that the present harmonics are located at 1,8,15,22... This
is a consequence of the harmonics of the original circular buffer.
The spacing between harmonics is not changed by the modulation
introduced, but the lowest frequency decreases, leading to an ap-
parent spreading of the harmonics, which, however, are effectively
only shifted up somewhat from their original circular buffer har-
monics positions. Paradoxically, the lower the subharmonic, the
milder the shift of spectral frequencies from the original position,
yet the more severe the apparent spread of harmonics.

8. VARIABLE MONODROMY AND NONLINEARITY

So far we have discussed examples that can be thought of as step-
ping around the complex circle in uniform steps. This leads to
straightforward relationships between monodromy, winding num-
ber, and spectral properties. From a topological perspective, this
is rather rigid. To make these ideas more flexible, consider the cir-
cumference of the complex circle in the complex line bundle and
consider a trajectory of points on the circle to itself that form a fi-
nite periodic sequence of length w, also known as periodic orbits
|8]. In other words, we fix a winding number, but we no longer re-
quire that the monodromy be fixed for each winding. An example
of a 4-periodic orbit of this type is shown in Figure

An individual sample will only be modified by the monodromy
every full cycle, and specifically at one periodic time step. This
means that for an individual sample we can define a relationship
of monodromy and winding number as follows:

w(t)—1

A0, Aty - A (wt)—1)n = H pi(t)y =1 (12)
j=0

witht = 0,--- ,n—1 corresponding to the position relative to the
monodromy in the circular shift matrix. Notice that each sample
has an independent monodromy, with the benefit that each can be
studied independently. To study this general setting is beyond the
scope of this paper. We will instead focus on the case of one sam-
ple under variable monodromy. Without loss of generality, assume
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Chaotic Map

N-sample delay line

v

Figure 5: Chaotic iterations as variable monodromy in a circular
buffer after Berdahl-Sheffield-Pfalz-Marasco [|9].

Out

that t = 0 we get:

Ao, Any - Ajw—1yn (13)

w—1
[[ri=1
j=0

where 115 is the variable monodromy per full circular shift. w is the
winding number. Clearly, we observe that w defines the periodicity
of the map, an observation that goes back to Poincaré, and its limit
behavior can also be used to describe the behavior of trajectories
that are not periodic orbits [8§].

8.1. Chaotic Oscillator within a Circular Buffer

This setting gives a direct interpretation of an observation of chaotic
oscillators within a circular buffer as proposed by Berdahl-Sheffield-
Pfalz-Marasco |9] in order to improve controllability of chaotic
oscillators. Their structure is depicted in Figure

A one-dimensional chaotic map on the circle is simply the it-
erative relationship:

= f(rr-1)

where f : S' — S is an arbitrary, usually highly non-linear, map.
We observe that it gives a fixed numeric relationship between 7y,
and 71, hence for our purpose f simply gives us the factor r for
each shift. This iteration is modified [9] to use as the past value
the value of the full circle delay. Hence, we have:

k= f(Th—n)

Discrete, deterministic, chaotic oscillatory maps contain a rich
tapestry of phenomena. One of them is the ability to form finite
periodic orbits for certain inputs [8].

While this discussion can be had for any stable non-linear it-
erative map (of which a number are discussed in [9]), we will pick
the case of the sine circle map (also known as feedback frequency
modulation) [35]. This map has the advantage of being topologi-
cally stable |35], which means that it is unconditionally stable due
to being intrinsically defined on a circle topology.

The phase iteration for the sine circle map is:

(14)

15)

T =Tp—1 + Q2+ % sin(2rxr—1) mod 1 (16)
Each value of the iteration xj, acts as the monodromy (.
Each discrete step is modeled corresponds to a complex linear

map (a complex rotation). hence, we are modeling the nonlinear

function that generates the map by linear transition maps for each
step. However, this is not guaranteed to be globally linear as the
map varies. Furthermore, the finite periodic orbits we are consid-
ering is a subset of all possible behavior of the nonlinear function
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Figure 6: Invariance of the braiding pattern to orbit shape. Com-
paring uniform orbit from r» = ¢ (dashed) to a non-uniform orbit
generated from the sine circle map (solid) [parameters K = 0.5,
Q = 0.2595132507162096, o = 0.25]. Positions in the
unitary complex line (circle) bundle. Braiding pattern of both
monodromies is identical.

under iteration. However, it allows us to discuss the periodic
orbit case explicitly.

Berdahle et al [9] observed that “the tones will tend to be cen-
tered around fs/L (or subharmonics of this if the state vector is
multidimensional)” where L is the length of the circular buffer (our
n). We arrive at a refinement of this observation. The frequency
observed is the one of the periodic orbit’s winding number, and
even in the case of real iterators, we should expect the possibility
to observe that Mobius case » = —1, hence the period doubling.

9. VECTOR BUNDLE MONODROMY VIA BRAIDS

Complex line bundles can also be viewed as a 2-dimensional real
vector bundle. In principle, one can consider any finite dimen-
sional real or complex vector bundle and associate with each di-
mension a circular buffer of shared length n, then monodromy be-
havior can be defined in a straightforward generalization, by mov-
ing monodromy from scalar multiplication to matrix multiplica-
tion. Although monodromy, can in full generality involve rather
general matrices with broad restrictions (such as determinant hav-
ing to be 1), we will restrict ourselves to a sketch of a particularly
topological subset of all such matrices, namely those that lead to
braids [36]. This in turn allows us to see identical patterns through
difference in variable monodromy.

Braids shows the effect of monodromy on separate states within
one or more loops. We have seen two ways we can get mon-
odromy: (1) Having separate states such as a sign change of R*, or
(2) by interconnecting bases in the vector space corresponding to
multiple loops. Identity and sign inversion of R* within one circu-
lar buffer are depicted as braid diagrams in Figure but the same
pattern also describes the cross-connection of two circular buffers
(dashed line).

This picture gives us an immediate interpretation of the non-
reflecting boundary condition double cover of [2] as depicted in
Figuremiddle), which is identical to the case shown in Figure
while Figuregives a braid explanation of the Mobius
behavior on the circular buffer as given as double cover in Figure
right). The case of two reflecting boundary conditions as dou-
ble cover pictures (Figureleft)) discussed in [2] does not have a
direct interpretation in our setting due to the presence of only one
local monodromy. A straight-forward extension to allow that case
would require a kind of "half-monodromy", to localize the second
reflection.

288

Figure 7: Identity and sign inversion as elementary braid moves.
The dashed lines correspond to the connection of the braid through
the circular buffer. While only one real circular buffer is needed,
there it can contain a signal or a sign-inversion thereof.

However, these braid constructions can be composed to form
more complicated braiding patterns. For example, if the mon-
odromy 7 is in ¢ the monodromy sequence is ¢, —1, —¢, 1. In the
language of the 2-dimensional real vector bundle, this becomes a

matrix:
1
- 0

One off-diagonal entry captures the real-imaginary axis exchange,
while the sign captures the sign change induced by squaring ¢. So,
while the complex numbers are only a 2-dimensional real vector
space, due to the sign inversion of the squaring sign, we get a
winding number of 4. The iterated multiplication by ¢ contains
a Mobius twist!

The flexibility of the winding number and braids is illustrated
in Figure@ It shows two examples that we discussed earlier: The
case of fixed monodromy r = 7 of a complex line bundle and an
example of a 4-period orbit generated by the sine circle map. Their
braid pattern (shown in Figureis identical, as is their winding
number. Braids help us abstract away the concrete monodromies in
terms of angular intervals and instead encode which monodromy
connectivity is shared between these cases.

0

M 1

an

10. CONCLUSIONS

In this paper, we described a discrete line bundle interpretation of
the circular buffer with a local unitary twist in the loop. This al-
lows us to give elementary interpretations of topological construc-
tions by Trautmann [3] and Essl [2] in a unified framework. By
considering unitary complex line bundles, which are equivalently
circle bundles, we discussed more complicated periodic patterns,
including a methodology for analyzing nonlinear discrete oscilla-
tors within the loop [9] via the notion of variable monodromy.

Monodromy and braids are also an active research topic in per-
sistent homology [37]. Such braiding can also be interpreted as
knots, which recently have found applications in musical interface
design [38]. Specifically, the topic of higher dimensional vector
bundles was only sketched here, and connections to multi-delay
methods such as feedback delay networks [39] remain to be ex-
plored. Exploring vector bundles and, more generally, sheaves in
all these directions is interesting future work.
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