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ABSTRACT

Physical modeling sound synthesis has achieved remarkable suc-
cess in terms of its fidelity to reality. In many cases, since mod-
eling of the physical system is performed on the sounding objects
that already exist in the real world, observation precedes the model
itself. Departing from this convention, this paper aims to physi-
cally model the acoustic characteristics of objects that do not nec-
essarily exist in reality. Specifically, we study wave propagation on
compact two-dimensional (2D) manifolds that are non-orientable
surfaces, such as the Klein bottle that cannot be embedded in three-
dimensional Euclidean space without self-intersection. We de-
rive closed-form expressions for the eigenfrequencies and mode
shapes of non-orientable 2D topologies and study their acoustic
characteristics. The modal structures are verified through compar-
ison with finite-difference time-domain simulations. The results
demonstrate how the topological character formed by the bound-
aries influences the acoustic resonances, and how the quotient-
space framework provides a practical route to reverb synthesis on
geometries with no physical counterpart.

1. INTRODUCTION

Physical modeling sound synthesis seeks to replicate acoustic phe-
nomena by formulating and solving the governing equations of vi-
brating systems [1, 2]. The fundamental philosophy is to encode
the physical system of sound generation into a set of equations,
and then to solve them, either analytically or numerically [3, 4].

Among the most widely used physical modeling techniques
are modal synthesis, which represents the acoustic response as a
superposition of eigenmodes [1], and finite-difference time-domain
(FDTD) methods, which discretize the wave or plate equation di-
rectly on a spatial grid [4, 5]. One representative example is the
modeling of plate reverberation, which has been approached us-
ing both modal synthesis and FDTD methods [6]. Beyond modal
synthesis and FDTD for reverberation, a variety of physical mod-
eling methods have achieved high-fidelity results across a broad
range of instruments: stringed instruments [7–10], woodwind in-
struments [11], struck membranes [12], and a variety of everyday
objects [13–15]. In most cases, the model is anchored in a physical
object that exists in the world, i.e., its geometry, boundary condi-
tions (BCs), and material properties are observed, measured, and
then encoded to replicate the sound of that object. This conven-
tion, that observation precedes the model, has proven enormously
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productive, even allowing the sound synthesis of objects that are
non-existent in reality in the sense that one can freely manipulate
the physical properties of the virtual string and its length [16]. Yet,
the model is still grounded in the physics of a real-world string, and
the geometry of the sounding object is still constrained to be one
that can be realized in three-dimensional Euclidean space. There-
fore, if the governing equation is modeled by emulating the system
of an actual musical instrument, while it could be difficult to real-
ize in reality, it is not entirely impossible.

Departing from this convention, the present paper explores the
wave propagation of non-orientable topology and its potential for
sound synthesis of objects that are impossible in the real world.
Investigations on characterizing the physical properties of non-
orientable surfaces have been conducted in various fields, such
as optical simulation [17], topological elasticity of non-orientable
ribbons [18], spin-wave resonances in Möbius-strip nanostructures
[19, 20], and geometry processing of impossible objects in com-
puter graphics [21]. However, the acoustic consequences of non-
orientable topology, and their potential for sound synthesis, have
not been investigated in depth.

To investigate wave propagation and acoustic properties in non-
orientable topology, we begin by exploring the acoustic character-
istics associated with BCs that appear frequently in the field of
acoustics. As the simplest examples of this, rectangular plates
with Dirichlet and Neumann BCs are studied. Next, we derive
the modes for a rectangle subject to periodic BCs and for its corre-
sponding torus; we then introduce a method for calculating these
modes that leverages tiling on this quotient space, along with the
associated topological equivariance. We apply the same approach
to non-orientable manifolds, such as a Möbius strip by construct-
ing the modes by introducing a phase-conjugating periodic BC
(formed by a reversal in the direction of the periodic BC). Finally,
by extending the method for calculating modes on non-orientable
manifolds, we determine the acoustic modes for shapes that cannot
exist within three-dimensional Euclidean space, such as the Klein
Bottle and the real projective plane.

In this paper, a modal analysis is conducted on a quotient
space for wave propagation on 2D manifolds with the aforemen-
tioned BCs. As a result, explicit derivations of the mode structures
and eigenfrequencies for the wave propagation on Möbius strip,
Klein bottle, and real projective plane are presented. The derived
mode structures and eigenfrequencies are verified through numer-
ical simulations, demonstrating the consistency of the theoretical
predictions with computational results. Discussion on the mode
distribution change against the various BCs, and implications for
acoustic design and reverberation modeling in non-orientable spaces
are also provided.
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2. WAVE PROPAGATION ON 2D MANIFOLDS AND
QUOTIENT SPACES

We consider the acoustic wave equation on a two-dimensional man-
ifold S,

∂2
t p(r, t) = c2∆Sp(r, t), (1)

where p is the scalar pressure field on space r and time t, with
the wave speed c, and ∆S is the scalar Laplacian on S. For a
stationary geometry, the system admits separable eigensolutions

pmn(r, t) = ϕmn(r)
[︁
Amn cos(ωmnt) +Bmn sin(ωmnt)

]︁
, (2)

with the initial pressure and velocity coefficients Amn and Bmn,
and the eigenfrequencies ωmn. The spatial modes ϕmn satisfy the
Helmholtz eigenvalue problem

∆S ϕmn + k2
mn ϕmn = 0, ωmn = c kmn. (3)

Finding the resonant structure of S reduces to solving Equation (3),
where the wavenumber kmn and the mode shapes ϕmn can be de-
termined by the initial and boundary conditions.

While various acoustic BCs exist, the simplest examples among
them are the Dirichlet and Neumann types. The Dirichlet condi-
tion fixes ϕ at the boundary by zero, while the Neumann condition
fixes the normal derivative by zero. Waves passing through this
boundary undergo a phase reversal and a change in their direction
of propagation. For this reason, Dirichlet and Neumann BCs are
often regarded as boundaries that mirror the phase; specifically,
Dirichlet conditions may be viewed as a reflection that inverts the
sign of the reflected scalar, whereas Neumann conditions may be
seen as a reflection that preserves the sign.

Another important class of BCs is the periodic type, which
identifies opposite edges of a rectangular domain. As the name
implies, a periodic BC specifies the rule that one boundary is iden-
tical to the other. Specifically, periodic BCs are further catego-
rized based on whether the direction of travel of the points deemed
identical is preserved or reversed. The usual periodic BC, as in the
torus, identifies opposite edges with matching orientation, mean-
ing that a point traveling across the boundary continues in the same
direction on the other side. In contrast, a phase-conjugating pe-
riodic BC, as seen in the Klein bottle and real projective plane,
identifies opposite edges with reversed orientation, meaning that
a point traveling across the boundary is reflected back in the op-
posite direction on the other side. A phase-conjugating periodic
boundary gives rise to a non-orientable manifold and fundamen-
tally alters the mode structure relative to the orientable case.

The BCs described above provide a direct recipe for tiling the
plane: each rule acts as a generator that relates a fundamental do-
main σ = [0, Lx] × [0, Ly] to an adjacent copy, filling R2 with
a regular σ-tiling. The Dirichlet and Neumann boundaries tile by
reflections (with a sign flip (ϕ → −ϕ) and without (ϕ → +ϕ),
respectively) while the four periodic geometries identify oppo-
site edges of σ directly: the torus by pure translations, (x, y) ∼
(x+Lx, y) and (x, y) ∼ (x, y+Ly); the Möbius strip by a trans-
lation with transverse flip, (x, y) ∼ (x+Lx, Ly−y); the Klein
bottle by one matched and one flipped pair, (x, y) ∼ (x+Lx, y)
and (x, y) ∼ (−x, y+Ly); and the real projective plane by two
flipped pairs, (x, y) ∼ (x+Lx, −y) and (x, y) ∼ (−x, y+Ly).
Each such tiling is equivalently a quotient space: R2 modulo the
equivalence relation imposed by the identification rules, and the
mode shapes and eigenfrequencies for all six geometries are sum-
marized in Table 1.

This construction extends well beyond the familiar geometries
of three-dimensional space. Identifications that include an orien-
tation reversal yield non-orientable manifolds such as the Möbius
strip, Klein bottle, and RP2, some of which cannot be embedded in
R3 without self-intersection, yet are perfectly well-defined as flat
quotient spaces of the rectangle. The tiling picture therefore pro-
vides a computationally transparent route to simulating wave prop-
agation on any of these manifolds: rather than working on a curved
or self-intersecting surface, one solves the Helmholtz Equation (3)
on the flat domain σ with the appropriate identification at each
edge, and the eigenfunctions are exactly the spatial modes of the
corresponding manifold.

3. MODE STRUCTURES

Each identification rule in the previous section translates into two
simultaneous constraints on the spatial modes. For a given mani-
fold S, a mode ϕmn on S follows from a superposition of plane
waves on R2 that satisfy two conditions: first, the lattice periodic-
ity that arises from the tiling restricts the Fourier support of ϕmn to
the reciprocal lattice Λ∗, which is the set of wave vectors (kx, ky)
compatible with the tiling period; second, the Helmholtz equation
on R2 requires that k2

x + k2
y = k2

mn. The allowed wave vectors
then become the finite intersection of Λ∗ with a circle of radius
kmn, and each spatial mode is a finite superposition of the corre-
sponding plane waves:

ϕmn(x, y) =

M∑︂
j=1

Aj e
i(kxjx+kyjy). (4)

Imposing the identification rules according to the BCs further con-
strains the allowed combinations of plane waves, and therefore the
mode shapes and eigenfrequencies.

Table 1 summarizes the complete mode structures for each
manifold. The table visualizes the manifold shapes and their quotient-
space with σ-tilings, and lists the explicit mode shapes ϕmn and
eigenfrequencies fmn = ωmn/(2π) for each geometry. Mode in-
dices m,n are non-negative integers unless stated otherwise. The
fundamental domain σ with size Lx × Ly is highlighted as an or-
ange rectangle with an example wave pattern plotted in a red circle
marker. The mode shapes are normalized to unit energy over the
fundamental domain σ. On its tiled copies, the reflected copies
of the example wave are shown in blue or red markers, where the
color indicates the sign of the mode. The Dirichlet BC is depicted
using a black solid line, mirroring the wave images with sign flips.
The Neumann BC is shown by a gray dashed line mirroring the im-
ages but with no sign flips. The periodic BCs of T2, K, and RP2

are shown in colored arrows, where the arrow direction indicates
the orientation of the boundary and the color indicates whether the
boundary is for the x- or y-direction. It is worth noting that the
periodic BCs neither mirror the wave images nor flip their signs,
but simply repeat the images across the boundaries according to
the indicated orientations.

As previously explained, the mode construction presented in
this paper is based on tiling arising from periodicity and equiv-
ariance governed by wave propagation rules at the boundaries. It
is the phase-conjugating periodic boundary that introduces a non-
trivial modification to this tiling; the presence or absence of such
a boundary distinguishes between cases where the direction of
the manifold’s normal vector is uniquely defined (orientable) and
those where it is not (non-orientable).
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Table 1: Spatial modes, eigenfrequencies, and index conditions for 2D geometries. Lx, Ly: domain dimensions; c: wave speed.

Name Topological
Schematics σ-tiling fmn ϕmn(x, y)

Rectangle
(Dirichlet)

c

2

√︄
m2

L2
x

+
n2

L2
y

2√︁
LxLy

sin

(︃
mπx

Lx

)︃
sin

(︃
nπy

Ly

)︃

Rectangle
(Neumann)

c

2

√︄
m2

L2
x

+
n2

L2
y

√︃
1

L
(2)
x L

(2)
y

cos

(︃
mπx

Lx

)︃
cos

(︃
nπy

Ly

)︃

Torus
(T2) c

√︄
m2

L2
x

+
n2

L2
y

1√︁
LxLy

exp

[︃
2πi

(︃
mx

Lx
+

ny

Ly

)︃]︃

Möbius Strip
(M)

c

2

√︄
m2

L2
x

+
n2

L2
y

√︄
2

LxLy
sin

(︃
mπx

Lx

)︃
exp

(︃
iπny

Ly

)︃

Klein Bottle
(K)

c

2

√︄
4m2

L2
x

+
n2

L2
y

√︃
2

L
(1)
x Ly

cos

[︃
π

(︃
2mx

Lx
−

n

2

)︃]︃
exp

(︃
iπny

Ly

)︃

Real Projective Plane
(RP2)

c

2

√︄
m2

L2
x

+
n2

L2
y

2√︂
L

(1)
x L

(1)
y

cos

[︃
π

(︃
mx

Lx
−

m+ n

2

)︃]︃
cos

[︃
π

(︃
ny

Ly
+

m+ n

2

)︃]︃

3.1. Orientable Manifolds

In each geometry in this category, the surface normal vector is
well-defined and the manifold is orientable.

3.1.1. Dirichlet Rectangle

The sign-reversing reflection at both boundary pairs tiles R2 with
period 2Lx × 2Ly , alternating the sign of ϕ with each reflection.
Periodicity of the mode constrains the allowed wavenumbers to

kx =
mπ

Lx
, ky =

nπ

Ly
, m, n ≥ 0, (m,n) ̸= (0, 0). (5)

The modes with m = 0 or n = 0 will have ϕ = 0 everywhere.
Mode and Eigenfrequency. The sign flip under x → −x forces
the x-component to be anti-symmetric (sine), and similarly for y.
The mode shapes are therefore the product of two sine functions:

ϕmn(x, y) =
2√︁
LxLy

sin

(︃
mπx

Lx

)︃
sin

(︃
nπy

Ly

)︃
. (6)

The eigenfrequencies fmn are given by the Pythagorean relation
for the wavenumbers. All index pairs with m,n ≥ 1 are present.

3.1.2. Neumann Rectangle

The tiling is the same as the Dirichlet case, but with no sign change
at each reflection. The allowed wavenumbers are the same as the
Dirichlet case.
Mode and Eigenfrequency. The no-flip condition forces each
component to be symmetric (cosine); the index set includes the

axes (m = 0 or n = 0), corresponding to modes uniform along
one dimension:

ϕmn(x, y) =

√︄
1

L
(2)
x L

(2)
y

cos

(︃
mπx

Lx

)︃
cos

(︃
nπy

Ly

)︃
, (7)

where L(2)
x = Lx(2− δm=0) with δm=0 the Kronecker delta, and

similarly for L(2)
y . The eigenfrequencies fmn are given identically

to the Dirichlet case, and the two geometries differ only in mode
parity and index set.

3.1.3. Torus

The pure translation in both directions tiles R2 with primitive vec-
tors (Lx, 0) and (0, Ly), the same periods as σ itself; no reflec-
tions occur. Periodicity directly constrains the allowed wavenum-
bers to

kx =
2mπ

Lx
, ky =

2nπ

Ly
, m, n ∈ Z. (8)

Mode and Eigenfrequency. No sign-flip constraint is imposed,
so the full complex-exponential basis is retained; modes at (m,n)
and (−m,−n) are complex conjugates sharing the same eigenfre-
quency, giving at least double degeneracy:

ϕmn(x, y) =
1√︁
LxLy

exp

[︃
2πi

(︃
mx

Lx
+

ny

Ly

)︃]︃
. (9)

fmn are given similarly to the rectangles, but with halved wavenum-
ber spacing. (Notice the c instead of c/2 in the torus case.) So the
frequency scale is doubled, but the index set is now the full inte-
ger lattice, so the torus spectrum is denser than the rectangle’s and
includes all of its modes as a subset (those with even m and n).
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3.2. Non-orientable Manifolds

In each geometry in this category, at least one orientation-reversing
identification is present, so the normal vector is not uniquely de-
termined and the manifold is non-orientable.

3.2.1. Möbius Strip

M is formed by the identification (x, y) ∼ (x+Lx, Ly−y), trans-
lating Lx in x reflects the transverse coordinate y → Ly − y.
Applying this identification twice in either direction returns to the
original orientation, so the σ-tiling of R2 has lattice periods 2Lx

in x and 2Ly in y. Periodicity of the lifted mode with respect to
this lattice constrains the allowed wavenumbers to

kx =
mπ

Lx
, ky =

nπ

Ly
, m, n ∈ Z. (10)

Mode and Eigenfrequency. The orientation-reversal in x forces
the mode to be anti-symmetric under the x-translation by Lx, se-
lecting the sine basis in x; the y-direction is only translated, so the
complex-exponential basis is retained there:

ϕmn(x, y) =

√︄
2

LxLy
sin

(︃
mπx

Lx

)︃
exp

(︃
iπny

Ly

)︃
. (11)

For Möbius strip modes, the combined anti-periodicity

ϕmn(x+Lx, y+Ly) = −ϕmn(x, y) (12)

enforces m+n to be odd. More details can be found in Appendix.
Substituting Equation (10) into ωmn = ckmn and k2

mn = k2
x+k2

y:

fmn =
c

2

√︄
m2

L2
x

+
n2

L2
y

, m+ n odd. (13)

The frequency scale matches the Dirichlet rectangle, but the index
restriction (m+n odd) produces a sparser, atypical resonance set.

3.2.2. Klein Bottle

K has two independent identifications: (x, y) ∼ (x+Lx, y) (same
orientation) and (x, y) ∼ (−x, y+Ly) (orientation-reversing).
The first gives x-periodicity with period Lx directly; the second
flips x while translating Ly in y, so two applications are needed to
return to the same orientation, yielding y-lattice period 2Ly . The
allowed wavenumbers are therefore

kx =
2mπ

Lx
, ky =

nπ

Ly
, m, n ∈ Z. (14)

Note that kx has half the spacing of the Möbius or rectangle cases
(period Lx instead of 2Lx), while ky shares the same period 2Ly .
Mode and Eigenfrequency. The equivariance condition in K,

ϕ(−x, y+Ly) = (−1)nϕ(x, y), (15)

yields a cosine basis in x with a half-integer phase offset that de-
pends on n: when n is even, the mode is symmetric in x; when n
is odd, the mode is anti-symmetric in x. The normalized mode is

ϕmn(x, y) =

√︄
2

LxL
(1)
y

cos

[︃
π

(︃
2mx

Lx
− n

2

)︃]︃
exp

(︃
iπny

Ly

)︃
,

(16)

where L(1)
y = Ly(1+δm=0) is a length accounting for the m = 0

modes that are uniform in x and therefore have double the energy
of the other modes, which have two symmetric peaks in x.

The m = 0 modes are special: they are uniform in x, so the x-
flip has no effect and the mode is purely cosine-like regardless of
n; for m ̸= 0, the x-flip selects the cosine basis, but the phase shift
couples the parity to n, giving a sine-like factor when n is odd.
When n is even the x-factor is cosine-like; when n is odd it is sine-
like. The eigenfrequency is obtained by substituting Equation (14):

fmn =
c

2

√︄
4m2

L2
x

+
n2

L2
y

. (17)

The factor of 4 on the m2 term reflects the halved kx spacing:
low-order x-modes are pushed to higher frequencies compared to
all other cases.

3.2.3. Real Projective Plane

RP2 has both pairs of edges identified with orientation reversal:
(x, y) ∼ (x+Lx, −y) and (x, y) ∼ (−x, y+Ly). Each iden-
tification requires two traversals to restore orientation, so both x
and y acquire a lattice period of 2Lx and 2Ly respectively. The
wavenumbers are

kx =
mπ

Lx
, ky =

nπ

Ly
, m, n ∈ Z, (18)

identical in form to the Dirichlet rectangle, but the equivariance
conditions under the two identifications are different.

ϕ(x+Lx, −y) = (−1)n ϕ(x, y) (19)
ϕ(−x, y+Ly) = (−1)m ϕ(x, y) (20)

Mode and Eigenfrequency. Both identifications include a spatial
reflection, so both x- and y-components must be real even com-
binations (cosines), unlike the Möbius and Klein cases. Coupling
the two reflections introduces independent phase offsets; the nor-
malized mode satisfying Equation (19) and Equation (20) is

ϕmn(x, y) =

√︄
2

L
(1)
x L

(1)
y

cos

[︃
π

(︃
mx

Lx
− m+ n

2

)︃]︃
cos

[︃
π

(︃
ny

Ly
+

m+ n

2

)︃]︃
, (21)

where L
(1)
x = Lx(1 + δm=0) and L

(1)
y = Ly(1 + δn=0) account

for the m = 0 and n = 0 modes that are uniform in x or y and
therefore have double the energy of the other modes. From Equa-
tion (18), the frequency formula is identical to the rectangle:

fmn =
c

2

√︄
m2

L2
x

+
n2

L2
y

. (22)

The resonance frequencies of RP2 are therefore co-spectral with
the Neumann rectangle, but the mode shapes are distinct: the phase
offsets π(m+n)/2 in both cosines produce modes that are neither
purely even nor purely odd, and couple m and n in a way that has
no rectangle analogue.
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Figure 1: (a)-(d) Spectra of the modes for each manifold. Black solid lines indicate the spectrum of FDTD simulation up to 1 kHz. Green
vertical lines indicate the theoretical mode frequencies fmn and spatial mode amplitudes ϕ̃mn with Lx = 3.0 m and Ly = 2.0 m, and the
wave propagates in c = 343 m/s from a point source located at x = 0.84 m and y = 0.33 m to each receiver location indicated as legend in
(a)-(d). (e)-(h) Simulated wavefields at a fixed time snapshot for each manifold, showing the spatial distribution of pressure corresponding
to a superposition of modes excited by a point source shown as red plus + and received at the black circle ◦.

4. VERIFICATION BY FDTD SIMULATION

We verify the mode structures and eigenfrequencies derived in the
previous section through numerical simulations. Specifically, we
solve Equation (1) on the fundamental domain σ with the appro-
priate BCs corresponding to each manifold. The FDTD is com-
puted on a uniform grid with spacing h = 0.01m over the spatial
domain [0, Lx] × [0, Ly]. The scheme is written by u

(n+1)
ij =

2u
(n)
ij − u

(n−1)
ij + (cT )2∆u

(n)
ij where the Laplacian is discretized

by the standard five-point stencil

∆uij =
ui+1,j + ui−1,j + ui,j+1 + ui,j−1 − 4uij

h2
, (23)

where cT = h/
√
2, i.e., the time step T ≈ 20.6µs and a Nyquist

frequency of fs/2 = 24.3 kHz when c = 343 m/s. While the
use of an explicit scheme in 2D FDTD can introduce some dis-
persion anisotropy, this is a well-known artifact, and validation is
conducted within a range where it does not arise significantly. The
initial condition is provided as a 2D Gaussian with zero velocity.
The BCs are enforced using the ghost cells outside the domain be-
fore evaluating Equation (23) at the boundary points. The ghost
cells are mirrored, with (or without) sign flips for the Dirichlet (or
Neumann) cases. For the periodic BC, the ghost cells are rolled

across the boundaries with (phase-conjugating) or without (torus)
orientation flips as indicated by the colored arrows in Table 1.

Since the FDTD simulation is real-valued, the pressure field
at a receiver effectively measures the real Green’s function of the
domain rather than a single eigenmode. The real Green’s function
at frequency fmn is the sum of all eigenmode products over the
degenerate subspace,

ϕ̃mn(rr, rs) =

[︄∑︂
k

(︁
ϕk(rs) · ϕk(rr)

)︁2]︄ 1
2

, (24)

where the summation runs over all eigenmodes k degenerate at
frequency fmn. A broadband Gaussian source at rs excites each
eigenmode with weight ϕk(rs), so the amplitude observed at rr
is proportional to this sum. One can verify that ϕ̃mn depends on
the relative displacement rr − rs using the symmetry of the mode
shapes and the addition theorems for the trigonometric functions.

Figure 1 (a–d) overlays the FDTD power spectrum with the
analytic modal amplitudes in Equation (24) at five representative
receiver positions. Peak frequencies of the FDTD spectrum agree
with the analytic fmn values to within the spectral resolution across
all topologies, and the amplitude envelopes match within the 60 dB
display range. Spectra for Dirichlet and Neumann rectangles are
omitted for brevity.
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Figure 2: Mode frequencies as a function of Lx (top row) and Ly (bottom row) for each manifold. When varying Lx (or Ly) from 0.1
m to 10 m, Ly (or Lx) is fixed at 1.0 m. Each curve corresponds to a mode indexed by (m,n) for m,n ≤ 8, with the color indicating
each mode’s index pair. Only fmn with m,n where ϕmn(x, y) > 0 are plotted, where x = Lx/4 and y = 3Ly/4. The speed of sound is
chosen as c = 100 m/s for better visualization. Please refer to Figure 3 for identifying the mode index pairs corresponding to each color.
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Figure 3: Valid combination of m and n for each manifold. Colored circles indicate the presence of a mode at the corresponding (m,n)
index, while gray crosses indicate non-empty zero-magnitude indices, i.e., (m,n) where fmn ≥ 0 but ϕmn(x, y) = 0. (a)-(f) show the
lattice of modes for x = Lx/2 and y = Ly/2. (g)-(l) show the lattice of modes for x = Lx/4 and y = 3Ly/4.

Table 2 quantifies the agreement between the analytic closed-
form and FDTD modes (superscript cf and fd, resp.) by reporting
the mean relative frequency error εf = 1

M

∑︁
mn|f

cf
mn−f fd

mn|/f fd
mn,

and MAC = 1
M

∑︁
mn (ϕ̃cf

mn · ϕ̃fd
mn)

2/(∥ϕ̃cf
mn∥2∥ϕ̃fd

mn∥2) , Modal
Assurance Criterion, averaged for all M number of matched pairs
(m,n). Numerical errors can arise from the finite approximations,
and spectral leakage occurs contaminating the weak-amplitude peaks
with the high noise floor of the sidelobes. To this end, a Hann win-
dow is applied at the cost of slightly widening the main-lobe width
to 50 Hz. This is one of the primary causes of differences in MAC
values between topologies. Yet, the mean relative frequency error
is 0.02% for all cases, and the MAC values are close to 1.0.

Table 2: Modal validation for each boundary topology.

Topology εf (%;↓) MAC(↑)

Neumann 0.03 0.875
Dirichlet 0.03 0.944
Möbius strip 0.02 0.944
Torus 0.03 0.834
Klein’s Bottle 0.02 0.932
Real Projective Plane 0.03 0.929
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5. MODAL STRUCTURE OF THE BOUNDARIES

Figure 2 displays the mode frequencies as a function of the domain
dimensions for each manifold, up to the 8th mode in each dimen-
sion. In each column, one dimension is held fixed while the other
is varied; modes for which ϕmn(xr, yr) = 0 at the receiver are
excluded. Figure 3 provides a complementary plot for the lattice
of allowed (m,n) pairs together with indicators of which modes
vanish at the receiver, making explicit how the identification rules
of each manifold constrain the admissible wavenumbers.
Modes invariant with respect to length. An obvious observation
from Figure 2 is the presence of horizontal lines, i.e., the modes
whose frequency is independent of one dimension. These arise
whenever m = 0 or n = 0 reduces the eigenfrequency formula
to a single-axis expression. For the Dirichlet rectangle, sin(0) an-
nihilates ϕmn when m · n = 0, so no horizontal lines appear in
either row. The same happens along the x axis of Möbius strip (see
Figure 2 (d)). In all other geometries, neither zero-index is categor-
ically forbidden. The presence of these length-invariant modes in-
troduces aspect-ratio-dependent inharmonicity, i.e., as Lx/Ly de-
viates from unity the invariant modes pull away from the rest of the
spectrum, amplifying inharmonic beating. On the other hand, the
Dirichlet rectangle converges to a perfectly harmonic spectrum at
extreme aspect ratios, becoming close to a 1D string with integer
harmonics.
Spectral density of the torus. Among all six geometries, the torus
admits the densest set of modes. Its identification rules impose no
parity constraint on either m or n, so every lattice point in Z2 is
allowed (see Figure 3). As a result, Figure 2 shows the greatest
number of distinct frequency curves for the torus. This density
is further reflected in Figure 1: the torus spectrum displays the
most uniformly populated set of peaks, with no systematic gaps,
because no combination of indices is excluded and no receiver-
position zero appears for generic listener locations.
Valid modes and asymmetry of non-orientable topology. As
evident from Table 1, the fmn of non-orientable manifolds are not
very different from the orientable cases, but it is the identifica-
tion rules and the mode shapes with ϕmn ̸= 0 (thus the set of
allowed and non-zero-magnitude (m,n) combinations) that pro-
duce the most significant spectral differences. All modes with
even m + n are eliminated in M, so every other diagonal of the
frequency lattice is missing. Furthermore, the sine basis with m
makes the modes at x vanish at every integer multiple of Lx/x
(e.g., m = 0, 4, 8, · · · for x = Lx/4), so the combination of
non-zero modes becomes sparse and asymmetric across the two
dimensions, producing a spectrum with fewer peaks and more in-
harmonic beating than the rectangle.

For K, the cosine basis in x with a phase offset that depends on
n produces a mode set that is distinct from all other cases, and the
modes with m = 0 are uniform in x and therefore have double the
energy of the other modes. Also, the x-spacing is halved relative to
the rectangle, so the lowest x-only mode sits at f = c/Lx instead
of c/(2Lx), pushing the x-modal ladder to higher frequencies and
breaking the symmetry between the two spatial dimensions. This
is evident from the fmn formula of K with a factor of 4 on the
m2 term, which inherently introduces anisotropy in the spectrum.
For Lx ̸= Ly , this produces a frequency lattice with no rational
substructure and the spectrum is inherently inharmonic regardless
of dimension choice.

The RP2 spectrum is co-spectral with the Neumann rectangle,
sharing the same frequency formula and full index set, but ϕmn are

distinct due to the phase offsets in both directions, which couple
m and n in a way that has no rectangle analogue. Similar to the
Klein bottl, the phase offsets produce modes that are neither purely
even nor purely odd, and the presence of both m and n in the
phase offsets means that the parity of one index affects the mode
shape in the other dimension, so the lattice of non-zero modes is
not perfectly symmetric about the axes although the plot shown
in Figure 3 only upto m,n = 8 does not make this asymmetry
visually obvious. These features form a mode set that is distinct
from all other cases despite identical frequencies, and RP2 can be
audibly distinguished from a standard rectangle.

6. DISCUSSION AND FUTURE WORK

This study examines the acoustics of various 2D manifolds through
a modal framework, and to ensure that these structures exhibit
more natural reverberation when utilized as musical instruments,
Rayleigh damping is applied while synthesizing the audio 1. Thus,
investigations on the geometries or damping ratios may be under-
taken to extend the current sound synthesizer as a better musical
instrument. One possible direction would be to generalize the cur-
rently surface-restricted formulation to cavity resonators of higher
dimensions. For instance, in the case of a torus, it would be natural
to consider its internal cavity in R3 filled with a medium such as
air and analyze its resonance. However, for non-orientable man-
ifolds, applying the same approach is not straightforward, as the
non-orientability prevents a consistent definition of an interior and
exterior. Consequently, a higher-dimensional framework may be
required to model the acoustic characteristics that are analogous to
the resonance of a cavity in 3D space. Also, extending the current
analysis on 2D surfaces to a 3D non-orientable manifold, such as
the real projective space RP3 or other 3-manifolds, would be a nat-
ural next step since the concept of the quotient space construction
itself is not dimension-specific. Lastly, relaxing the assumption
on the currently constant wave speed to a spatially varying c(x)
would model inhomogeneous media and, more subtly, could ap-
proximate the effect of intrinsic curvature of the manifold.

7. CONCLUSION

This paper presents an analysis of the acoustic modes for various
boundary conditions by quotient space construction of the fun-
damental domain, and extends the analysis to the case of non-
orientable 2D manifolds, including the Möbius strip, Klein bottle,
and real projective plane. By deriving closed-form expressions for
the eigenfrequencies and mode shapes, we have elucidated how
the non-orientable topology imposes specific constraints on the al-
lowed modes. The FDTD simulations on quotient spaces have ver-
ified these theoretical predictions, demonstrating spectral agree-
ment between the simulated spectra and the analytic modal ampli-
tudes across multiple receiver locations. Future work could extend
this analysis to three-dimensional non-orientable manifolds, inves-
tigate the effects of inhomogeneous media and curvature, and ex-
plore the implications of these unique modal structures for musical
acoustics applications. The authors hope that this work will inspire
further exploration of the acoustic properties of non-orientable man-
ifolds and their potential applications in sound synthesis and mu-
sical instrument design.

1Code and sound samples are available on https://kleinreverb.github.io/
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9. APPENDIX: EQUIVARIANCE CONDITIONS

Möbius Strip. Using sin(kxx + mπ) = (−1)m sin(kxx) and
einπ = (−1)n, Equation (12) is verified by expanding the two
arguments separately:

ϕmn(x+Lx, y+Ly)

=

√︄
2

LxLy
sin

(︃
mπx

Lx
+mπ

)︃
exp

(︃
iπny

Ly
+ inπ

)︃

= (−1)m

√︄
2

LxLy
sin

(︃
mπx

Lx

)︃
· (−1)n exp

(︃
iπny

Ly

)︃
= (−1)m+n ϕmn(x, y). (25)

Comparing Equation (25) with Equation (12) gives the constraint
(−1)m+n = −1, which holds if and only if m+ n is odd.
Klein Bottle. Using cos(θ + nπ/2) = (−1)n cos(θ − nπ/2),
Equation (15) is verified as

ϕmn(−x, y+Ly) = AK cos

[︃
−2mπx

Lx
− nπ

2

]︃
eiπny/Lyeinπ

= (−1)nAK cos

[︃
2mπx

Lx
− nπ

2

]︃
eiπny/Ly

= (−1)nϕmn(x, y).

AK denotes the normalization factor
√︂

2/(LxL
(1)
y ).

Real Projective Plane. Using cos(θ + nπ/2) = (−1)n cos(θ −
nπ/2), Equation (19) is verified as

ϕmn(x+Lx,−y) = ARP2 cos
[︂
mπx
Lx

+mπ − (m+n)π
2

]︂
cos

[︂
−nπy

Ly
+ (m+n)π

2

]︂
= (−1)mARP2 cos

[︂
mπx
Lx

− (m+n)π
2

]︂
(−1)m+n cos

[︂
nπy
Ly

+ (m+n)π
2

]︂
= (−1)nϕmn.

ARP2 denotes the normalization factor
√︂

2/(L
(1)
x L

(1)
y ). Equa-

tion (20) follows symmetrically, giving (−1)mϕmn.
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