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ABSTRACT

Spatial Room Impulse Responses (SRIRs) are fundamental to
immersive audio rendering and have become a key focus of re-
cent machine learning research in acoustics and auralization. Due
to the high computational cost of direct convolution, spatial au-
dio systems commonly employ artificial reverberation algorithms.
However, these approaches often fail to accurately reproduce the
spatial, temporal, and spectral characteristics of early reflections,
leading to notable deviations from measured SRIRs. This paper
presents a comprehensive framework for the analysis and efficient
resynthesis of SRIRs captured with Spherical Microphone Arrays
(SMAs). The proposed method accounts for hardware-induced
artifacts, including scattering and spatial aliasing. Early reflec-
tions are reconstructed using a parametric approach based on the
Herglotz analysis method, while late reverberation is synthesized
using a Directional Feedback Delay Network (DFDN) with opti-
mized filter-attenuation and correlation-matching. The proposed
framework produces signals whose spatial correlation and En-
ergy Decay Relief (EDR) closely match those of measured SRIRs,
demonstrating its effectiveness for both real-time spatial audio ren-
dering and realistic dataset generation for machine learning appli-
cations.

1. INTRODUCTION

In immersive and spatial audio applications, Spatial Room Im-
pulse Responses (SRIRs) are essential for the auralization of vir-
tual sound sources. They encode the acoustic characteristics of
the environment while conveying the spatial relationship between
source and receiver. SRIRs are typically captured using Spherical
Microphone Arrays (SMAs) and, to reproduce the measured sound
field, are encoded in the Spherical Harmonic (SH) domain within
the Higher-Order Ambisonic (HOA) framework [1].

However, direct convolution of long-duration SRIRs repre-
sented in high ambisonic order is computationally demanding. To
enable real-time processing, parametric analysis and reproduction
techniques are commonly employed [2!|3]. Late reverberation is
traditionally modeled using Feedback Delay Networks (FDNs),
with the concept of deriving delay-network parameters from rever-
beration time analysis first introduced by Jot [2]. Subsequent work
has led to substantial improvements in both delay-network design
[4)|5] and room impulse response analysis [6.|7], enabling increas-
ingly accurate reproduction pipelines [3]. Accurate synthesis with
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delay networks critically depends on robust recursive filter design,
which can be facilitated through optimized parallel equalization
[8!/9] and multi-stage filtering strategies [10![11]. Alternatively,
velvet-noise-based methods have been proposed for RIR synthesis
without explicit reverberation time analysis [4/[12]. Despite these
advances, conventional reproduction approaches often neglect the
complex spatial structure of early reflections, which remain critical
for both perceptual and objective accuracy [13]14//15].

In immersive audio applications, reproducing directional char-
acteristics is essential, as many real-world acoustic environments
exhibit perceptible anisotropic reverberation [16]. Advanced ar-
chitectures like Directional Feedback Delay Networks (DFDNs)
address this by synthesizing direction-dependent decay rates [17.
18]. While the perceptual thresholds associated with anisotropy
are not yet fully established, spatial simplifications can neverthe-
less be introduced to reduce rendering complexity [19)/20].

Recently, machine learning (ML) approaches have demon-
strated promising results in spatial audio reproduction, includ-
ing models designed to infer delay-network parameters or directly
generate binaural and directional reverberation [21./22)/23]. How-
ever, their practical deployment remains limited by a “sim-to-real”
domain gap, as models are predominantly trained on idealized
acoustic simulations, while inference is performed on real-world
microphone array data.

This discrepancy is partly attributable to hardware-related ef-
fects. SMA-measured, HOA-encoded SRIRs exhibit spectral and
spatial distortions, including rigid-sphere scattering and high-fre-
quency spatial aliasing. Since conventional synthesis pipelines
and training datasets typically neglect these measurement artifacts,
the resulting mismatch can significantly degrade both auralization
quality and downstream ML inference.

To address these limitations, this paper proposes a compre-
hensive analysis-resynthesis framework for reconstructing SMA-
measured SRIRs encoded in HOA! (from direct sound and early
reflections to late reverberation), while explicitly accounting for
measurement artifacts such as remnant scattering and aliasing. The
proposed method replaces conventional convolution with a highly
optimized, direction-aware delay-network and a dedicated early-
reflection synthesis stage, enabling computationally efficient real-
time auralization for 6DoF applications. By faithfully modeling
these physical imperfections, the framework not only improves
spatial reproduction fidelity but also facilitates the generation of
more realistic SRIR datasets that better match raw microphone
signals, thereby providing a more robust basis for training next-
generation ML models.

! Listening examples at https://dafx26-eac.ircam.fr/,
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Figure 1: Magnitude frequency responses for a rigid sphere EM32 (7,

2. THEORETICAL BACKGROUND

2.1. Herglotz formalism

A key challenge in analyzing SMA-captured SRIRs lies in param-
eterizing early reflections, in particular, estimating the Direction of
Arrival (DoA) of the direct sound and individual echoes. Classi-
cal methods such as Steered Response Power (SRP) often exhibit
limited spatial resolution, while subspace-based methods such as
MUSIC [24] can be adversely affected by the strong temporal cor-
relation between the direct sound and its reflections. To address
these limitations, in this paper, the analysis relies on the Herglotz
wave function formalism [15] applied to HOA-encoded signals.

The Herglotz representation defines a bounded operator map-
ping a continuous angular density g € L*(S?) to the measured
acoustic field:

(H)) = [ a(s) ™ as

Recovering g requires solving an underdetermined system
over a dense directional grid (D > (L + 1)?), making it intrinsi-
cally an inverse problem. This contrasts fundamentally with stan-
dard plane-wave decomposition (PWD), which operates as a direct
spatial projection problem (e.g., beamforming). To solve this ill-
posed system, Tikhonov regularization is employed, acting as a
spatial smoothing filter to stabilize the recovered continuous den-
sity map.

Finally, an iterative Gaussian fitting procedure is applied to pa-
rameterize this continuous density map g. By modeling the spatial
spread of the acoustic energy, this approach robustly extracts both
the actual number of incident echoes and their precise DoAs.

2.2. SMA Limitations

As introduced in Sec. rigid-sphere SMAs (e.g., the mh acoustics
Eigenmike® EM32 used in this work) inherently scatter the inci-
dent sound field. In the SH domain, this effect is characterized by
the mode strength or radial functions be(kr), which are defined in
terms of spherical Bessel (j,) and Hankel (h,) functions [25]:

_ Jalkrs)
h (krs)

where k = w/c denotes the wavenumber and r; is the sphere
radius. Evaluating this expression on the array surface (r = r;)
yields a strictly frequency-dependent mode strength b, (Fig..
In principle, HOA encoding requires inversion of the mode
strength, i.e., 1/bs(krs). However, the vanishing magnitude of

be(kr) = 4mi® | jo(kr) he(kr)| 1)

Frequency[Hz]
(b) Encoding filters |a;| (Tikhonov reg. - 18 dB)

65

-60
10°

Frequency[Hz]

10°

(c) Resulting response |cg| = |ag - by|

4.2 cm).

Bessel functions at low frequencies renders this inversion ill-
conditioned, leading to significant noise amplification. To ad-
dress this issue, regularized encoding filters a¢(f) are designed
(Fig. to approximate the inverse while balancing numerical sta-
bility and spatial accuracy [26]. The resulting effective response
ce(f) = ae(f) - be(f) (Fig. exhibits a low-frequency roll-off
that limits the usable range of higher SH orders and reflects resid-
ual low-frequency scattering effects.

At high frequencies, SMA performance is fundamentally con-
strained by spatial aliasing [27!/1]. Since acoustic fields such as
plane waves admit infinite SH expansions, sampling them with a
finite number of microphones causes higher-order components to
be aliased into the highest representable SH order L of the SMA
(e.g., L = 4 for the EM32).

The onset frequency of this spatial aliasing can be approxi-
mated as:

cL
271’

f alias ~ (2)
which yields an upper limit of approximately faias ~ 5.2 kHz for
the 4th-order EM32 array.

3. PROPOSED FRAMEWORK

As outlined in Sec. the proposed framework operates in the
HOA domain. The use of SH provides a continuous and orthogo-
nal representation of the sound field that is, in principle, indepen-
dent of the recording array geometry. A key advantage of this rep-
resentation is the ability to derive directional views, such as PWD,
through the inverse SH transform, enabling direct spatial analysis
over the sphere. Accordingly, the processing pipeline begins by
encoding the raw SMA signals into the HOA domain.

The pre-delay is first estimated and removed so that the direct
sound defines the temporal origin of the analysis—resynthesis pro-
cess. Subsequently, the mixing time, which marks the transition
from spatially coherent early reflections to the stochastic late re-
verberation tail [28], is estimated to partition the SRIR for separate
processing. This boundary can be interpreted as the time at which
the spatial incoherence of the sound field converges to a steady
state [29//30]. Distinct analysis-resynthesis strategies are then ap-
plied to the early and the late components of the SRIR. Finally,
the processed parts are temporally recombined using a hybrid re-
verberation approach [31]. The complete processing pipeline is
illustrated in Fig.

Throughout this section, the framework is illustrated using a
single EM32 measurement (detailed in Sec..
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Figure 2: Flowchart of the proposed analysis and resynthesis framework.

3.1. Early reflections

To accurately estimate the Direction of Arrival (DoA) and Time of
Arrival (ToA) using the Herglotz analysis (Sec., the HOA sig-
nal is first segmented into short, overlapping 2.6-ms time windows,
thereby limiting the number of simultaneous reflections within
each frame. In addition, the analysis is spectrally constrained to
the frequency range over which the SMA encoding remains phys-
ically reliable. This range is bounded above by the spatial alias-
ing frequency (Sec., and below by the frequency at which the
maximum directivity index (DI) [32] equals or exceeds its value at
the aliasing frequency (i.e., DI( fiow) > DI( faiias)) [15]. Duplicate
detections arising from window overlap are subsequently removed

(Fig [3).
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Figure 3: Direct sound (brown) and early reflections detected
using the Herglotz analysis method.

Once the DoA and ToA of a reflection are estimated, a hy-
percardioid beam is steered toward the corresponding direction to
extract its spectral content. At a sampling rate of 48 kHz, a 128-
sample analysis window is used, starting 20 samples prior to the
estimated ToA to preserve the transient onset.

For resynthesis, reflections are modeled as discrete plane
waves. Each component is spatio-temporally aligned according
to its estimated DoA and ToA, filtered using the extracted spectral
content to preserve acoustic coloration, and finally re-encoded into
the HOA domain at the maximum supported order.

3.1.1. Remnant Low-Frequency Scattering Modeling

While the previously described method enables near-perfect re-
construction in simulation, accurate resynthesis of real SMA mea-
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surements requires accounting for hardware-induced artifacts. As
detailed in Sec. exact inversion of the holographic function b,
is not feasible, resulting in residual low-frequency scattering.

To reproduce the spectral and spatial characteristics of the
SMA-measured sound field, a frequency-dependent beamforming
strategy is proposed. By analyzing the effective encoded response
a(f) = ai(f) - bu(f) (cf. Fig. h, cutoff frequencies f\ are
identified for each Ambisonic order / at the boundary of their flat-
response region. Based on this observation, the beamformer adap-
tively selects the maximum reliable order per frequency band, re-
sulting in progressively wider beam patterns at lower frequencies.
The resulting broadband beamformer output, Byo:(f, 20), steered
toward the estimated DoA (o, is defined as a weighted sum of
order-dependent beams:

L
Biot(f,Q0) = Y Hi(£)Bi(f, ), 3

1=0
where L denotes the maximum available Ambisonic order. To

avoid the severe pre- and post-ringing associated with ideal brick-
wall filters, relaxed crossover slopes are employed, similar to the
approach in [26]. The bandpass crossover function H;( f) for each
order [ is defined as the difference between adjacent zero-phase
low-pass filters Hip:

Hi(f) = B () = Hiy (), 4)
where Hﬁ,) (f) has a cutoff frequency of f,((,l). The boundary con-
ditions are set to H{?(f) = 0 and HE]EH)(f) = 1, ensuring
perfect amplitude reconstruction.

During resynthesis, each spectral component is re-encoded
into the HOA domain at its corresponding extraction order. Due
to the inherently broader directivity of lower-order beams, spa-
tial overlap between distinct early reflections may occur. This re-
dundancy is mitigated in a subsequent processing stage. Finally,
Fig.illustrates the effectiveness of the proposed approach com-
pared to a direct resynthesis that neglects residual scattering ef-
fects.

3.1.2. High-Frequency Spatial Aliasing Modeling

To accurately reproduce high-frequency spatial aliasing (Sec.,
the physical response of the array to the incident plane wave re-
flections is explicitly modeled. Following Rafaely’s framework
[1], the spatial aliasing matrix E is defined as:

E = Y., Yew, )
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Figure 4: Measured and resynthesized direct sound energy by directions.

where Y;{,[eas denotes the pseudoinverse of the SH sampling ma-
trix corresponding to the SMAs geometry up to its maximum sup-
ported order L, and Ypw is the SH matrix of an ideal plane wave
expanded up to order L. To ensure coverage of the full audible
bandwidth (faias > 20 kHz), an expansion order of L > 16 is
required according to Eq.

Applying E to the ideal plane-wave coefficients associated
with the estimated DoA yields the aliased response. A spatial
aliasing map is then obtained by subtracting the direct contribu-
tion of the true DoA, therby isolating the aliasing artifacts.This
procedure is possible because the geometry of the specific SMA is
known. By applying Eq. , we simulate how the array physically
projects energy into false spatial directions.

Given the strong frequency dependence of spatial aliasing,
this map is computed in third-octave bands spanning from the ar-
ray’s aliasing frequency up to 20 kHz. A peak-search algorithm is
subsequently applied to identify dominant artifact directions (i.e.,
aliasing zones). The spectral content of these components is ex-
tracted by steering a hypercardioid beam toward each zone. Fi-
nally, these “phantom” sources are resynthesized as discrete, fil-
tered plane waves, thereby completing the high-frequency recon-

struction (Fig..
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3.2. Late reverberation

This section addresses the analysis and resynthesis of late reverber-
ation, defined as the portion of the SRIR occurring after the mixing
time. The analysis is based on a time-frequency representation us-
ing the Energy Decay Relief (EDR) of the impulse response. For
each frequency bin, the measurement noise floor and the early re-
flection segments are first estimated. A linear regression is then
performed on the decay curve, approximated as an exponential,
within the time interval defined by these bounds. The key parame-
ters estimated from this process are the frequency-dependent rever-
beration time RTg0(f), and the initial power spectrum Py (f). For
resynthesis, an FDN is employed to model diffuse late reverbera-
tion, while a DFDN is used when anisotropic decay characteristics
are present.

3.2.1. Improved Attenuation Filters

In an FDN architecture, control over the frequency-dependent
RTs is achieved by inserting attenuation filters G within the feed-
back loop [8]. Given an estimated RTeo(f) profile, the required
target gain (in dB) for the attenuation filter of the i-th delay line is
derived as:
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fs - RTeo(f)

where f5 denotes the sampling rate, and M; is the length (in sam-
ples) of the i-th delay line. The factor M; accounts for the fact that
the attenuation filter is applied only once per loop traversal.

Before the filter design, the measured RTgo profiles are
smoothed using a fractional 1/3-octave band filter to obtain a per-
ceptually motivated frequency representation.

Low-order IIR filters based on the modified Yule-Walker
method [33] are then used to approximate the target attenuation.
This ARMA (auto regressive and moving average) based approach
estimates the filter parameters from the signal’s energy struc-
ture, interpreted as a power spectral density, and naturally yields
minimum-phase realizations. It provides an effective trade-off be-
tween spectral accuracy and computational efficiency.

The recursive structure of the FDN produces reverberated
signals matching the target frequency-dependent decay profile
RTeso(f), and an output spectral shaping filter is added to match
the initial power spectrum of the decay Po(f). To this end, the
modified Yule-Walker method is again employed to design the out-
put filter.

From a computational perspective, a fourth-order IIR filter re-
quires fewer operations than a second-order biquad graphic equal-
izer with two bands, while also avoiding the constraints of fixed
center frequencies and the associated inter-band ripple.

Gia(f) =—60-

3.2.2. Spatial Correlation Matching

Late reverberation is first decomposed into directional components
using PWD. While ideal, fully diffuse reverberation can be effi-
ciently synthesized with a single FDN generating uncorrelated out-
puts, real SMA measurements exhibit residual inter-channel corre-
lation due to physical constraints [34.|35]. To achieve a spatially
faithful rendering, this correlation must be extracted from the mea-
surements and imposed into the synthesized FDN outputs.

To achieve this, both the PWD-derived measurement x and the
raw FDN outputs z are decomposed into third-octave bands using
a perfect reconstruction filter bank. For each band b, the spatial
covariance matrix C, = Cov(x<b)) is computed to capture the
measured spatial energy distribution. (Note that x and z are real
matrices of dimension [(Lyqz 4+ 1)? x N], where N denotes the
number of samples in the late SRIR.)

The spatial structure is then transferred via a mixing matrix
M,. Using the eigenvalue decomposition of the positive semi-
definite covariance matrix, C, = VbDbV,,T, we define:

M, = VD, * V7, @

where V,, contains the orthogonal eigenvectors and Di/ 2

diag(+/)\;) is the diagonal matrix of square-rooted eigenvalues \;,
yielding the principal square root of Cy.

Concurrently, the raw FDN outputs z® are normalized by
their standard deviations to produce a whitened signal z(®) with
unit variance. The desired spatial correlation is imposed by:

7" =M,z ", (8)

This procedure is repeated across all frequency bands. The
resulting spatially correlated components 2® are recombined to
form the broadband signal, which is then re-encoded into the HOA

domain. A detailed mathematical derivation of the mixing matrix
is detailed in Appendix
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3.2.3. Efficient Anisotropic Reverberation via Directional
Segmentation

Anisotropic late reverberation is resynthesized using DFDNs [17],
which reproduce direction-dependent decay profiles while produc-
ing inherently uncorrelated outputs. To ensure spatial fidelity,
these outputs are subsequently processed with the correlation-
matching procedure described in the previous section.

Although DFDNs are more efficient than direct convolution
for rendering medium to long reverberation tails, running 25 paral-
lel delay networks to cover the full 4th-order Ambisonics remains
computationally demanding for resource-constrained devices. To
address this, we refine a frequency-dependent directional segmen-
tation strategy that clusters perceptually similar acoustic regions,
thereby reducing CPU load while preserving the overall spatial ac-
curacy.

Extending the segmentation algorithm proposed in [36/|20],
our approach considers frequency-dependent reverberation time
(RTeo(f)) across the Directional Room Impulse Responses
(DRIRS).

1.2 T
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g 11 J
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5 Segment 3
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2 = Segment 5
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Frequency[Hz]
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Figure 5: The decay profiles of individual directions (dotted lines)
and the median curves of the five segments (thick lines).

]
1 2 3 4 5
Segment index

Figure 6: Distribution of the five segments around the sphere,
where the indexes increase with the reverberation time.

A spectrally weighted sum, emphasizing perceptually critical
frequencies via an exponential weighting, is used to iteratively
partition the spatial data until the desired number of segments is
achieved. Each segment is then assigned a single independent
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FDN to synthesize all enclosed PWD directions, significantly low-
ering computational cost.

Fig.shows the median RT¢o profiles of each segment (solid
lines) overlaid on the individual directional profiles (dotted lines),
while Fig.@depicts their spatial distribution. For high-resolution
visualization, 289 PWD directions are displayed.

Importantly, this segmentation applies only to the reverber-
ation time. The initial decay power Py remains fully direction-
dependent for every PWD channel. Since applying a per-direction
output filter is computationally equivalent to using a shared seg-
ment filter, preserving the unsegmented Fp maintains the exact
anisotropic energy distribution of the original measurement with-
out compromising real-time performance.

4. EVALUATION

The proposed framework has been evaluated on multiple datasets;
here, results are presented for EM32 SRIR measurements con-
ducted in the variable-acoustics IRCAM Espro hall. The late re-
verberation was synthesized using a 5-segment DFDN, where each
FDN is composed of 32 delay lines with lengths randomly chosen
between 30 and 70 ms and the recirculating matrices are generated
as random orthogonal.

= —"‘/\/j/\/\
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2
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&}
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S0z Proposed Method
& ——— Direct Resynthesis
0 2 4 6 8 10 12 14 16
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Figure 7: Spherical correlation analysis of early reflections

between measurement and resynthesis over time (block size =
5.3 ms).

Fig.evaluates the spatial accuracy of reconstructed early re-
flections by tracking the spherical correlation between the
original measurement and the resynthesized signals in 5.3 ms time
blocks. As depicted, the direct resynthesis, using ideal plane waves
without modeling rigid sphere scattering and spatial aliasing, ex-
hibits substantial drops in correlation across multiple time blocks,
indicating a significant deviation from the true spatial structure. In
contrast, the proposed method maintains consistently high corre-
lation, closely matching the ground truth. This comparison high-
lights the importance of explicitly modeling low-frequency scatter-
ing and high-frequency aliasing (Sec. to preserve the spatial
characteristics of SMA-measured early reflections.

Fig.|8|further evaluates the spatio-spectral fidelity across the
full SRIR using EDR differences in dB between the binaurally en-
coded measurement and two resynthesis conditions. Fig.shows
the direct resynthesis baseline (see also Fig.a), highlighting sig-
nificant errors (yellow and orange regions) throughout the decay.

In contrast, Fig.illustrates the improved performance of
the proposed method. For early reflections (¢t < T}y4z), the error
is markedly reduced, confirming that low-frequency scattering and
high-frequency aliasing emulation restore the acoustic coloration
of the HOA-encoded measurement. In the late reverberation tail
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Figure 8: EDR difference [dB] between binaurally encoded mea-
surement and (a) direct resynthesis (early reflections + uncorre-
lated FDNGs), versus (b) proposed method.

(t > Tmiz), the error is similarly minimized, demonstrating that
applying the covariance matrix to DFDN outputs effectively repro-
duces the measured (target) spatial correlation. Low errors across
valid time-frequency regions also confirm that the denoising pro-
cedure successfully preserves the integrity of the acoustic decay.
Large deviations (red regions) appear only where the measurement
reaches the noise floor, whereas the proposed framework synthe-
sizes a noise-free exponential tail.

5. DISCUSSION

The proposed framework substantially improves the spatial and
spectral fidelity of resynthesized SRIRs, yet certain limitations re-
main. For instance, the Herglotz analysis cannot identify every
individual reflection due to the finite maximum encoding order
of the SMA. Furthermore, the late reverberation model assumes
a single-slope exponential decay per directional band. Complex
acoustic environments exhibiting multi-slope decays, such as cou-
pled rooms, are not addressed in this study. Nonetheless, the mod-
ular nature of the framework allows straightforward integration of
specialized multi-slope delay networks in future works. By
coupling the reproduction of physical SMA artifacts with flexible
parametric control over the full SRIR, the framework shows strong
potential for generating large-scale, realistic datasets for ML appli-
cations.

Beyond resynthesis, the proposed pipeline can act as a spatial
and spectral SMA enhancement tool. By explicitly estimating the
DoAs of early reflections, modeling scattering and spatial alias-
ing, and reassigning uncorrupted spectral content to its theoreti-
cal spherical coordinates, the system effectively refines the mea-
sured data. Furthermore, the late reverberation analysis is decou-
pled from the physical order of the SMA, allowing reverberation
time extraction to be performed over a much denser spatial grid
[20]. However, future work must address the energy overlap be-
tween adjacent beams to prevent power overestimation. It must
also be acknowledged that while this representation is refined, the
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intrinsic spatial resolution limit of the original SMA measurement
is not artificially increased. Ultimately, this parametric approach
allows the resulting SRIR to be rendered for any arbitrary loud-
speaker layout. Conceptually, this aligns with the framework pro-
posed in [39].

6. CONCLUSION

This paper presents a complete framework for the analysis and effi-
cient resynthesis of SRIRs captured by SMAs, explicitly compen-
sating for hardware-induced artifacts such as low-frequency scat-
tering and high-frequency spatial aliasing. Early reflections are
parametrically reconstructed, and late reverberation is rendered via
optimized, segment-based DFDNs. This approach significantly re-
duces computational cost while preserving the anisotropic charac-
teristics of the acoustic space. The framework enables both highly
accurate resynthesis and real-time 6DoF auralization. It is also
suitable for generating ML training datasets, offering greater para-
metric flexibility than traditional geometric acoustic simulations.
Models trained on this data are expected to achieve improved infer-
ence performance on real-world SMA measurements. Future work
will include perceptual listening tests to formalize the thresholds
of spatial approximations and validate the auralization quality.
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A. APPENDIX: MIXING MATRIX

This appendix derives the mixing matrix M used to impose the
target spatial covariance Cy, on the FDN or DFDN outputs.

Problem Formulation. Let z(*) be the whitened DFDN outputs
for frequency band b. These signals are zero-mean, mutually un-
correlated, and have unit variance, so that their spatial covariance
is the identity:

Cov (z“’)) ) {z‘b’ (z“’))T} L

The objective is to find a matrix M, such that the synthesized
signal 2 = Mz® strictly exhibits the measured target covari-
ance Cp = Cov(x®).

Covariance of the Synthesized Signal. The covariance of z(*) is:

Cov (37) =2 |2 (a) | =& | (Mia®) ()"

Using the matrix transposition property (AB)” = BT A” and
factoring out the deterministic matrix IM;, we obtain:

Cov (2“’)) - M,E [z“ﬂ (z@))T} M7 = M,IME = M,MY.

To satisfy the target condition Cov(2(")) = C}, we must solve:

M,M{ = C,.

Factorization via Eigenvalue Decomposition. Since C,, is real,
symmetric, and positive semi-definite, its eigenvalue decomposi-
tion is Cp, = VbDbeT, where V), is orthogonal (VI,TV;) =1,
and D, = diag();) is diagonal with non-negative eigenvalues.
Substituting into the target equation:

M,M! = V,D,V{.

Because Dy, is diagonal and non-negative, a valid factorization is
obtained by taking its principal square root, defined element-wise

as Di/z = diag(+/ ;). This allows us to write Dy, = D;/QD},/%
Inserting the identity matrix I between these terms gives:

M,M! = V,(D;’ID;*)V{.
Substituting I with the orthogonal property Vi Vy:
M,Mj =V,D,*(V{V,)D,/*V}.
Regrouping the terms reveals two identical blocks:

M,M; = (V,D,;/*VL)(V,D,/*V]).

Resulting Mixing Matrix. Let the candidate solution be M =
VbD;/ 2VbT. We can easily verify that this matrix is symmetric
(M, = My):

M; = (VoD)/*V)" = (V)T (D) V] = VyD,/*V] = M,.

holds true. The matrix M, = VbDll)/ 2VbT (Eq. is the unique
symmetric positive semi-definite square root of Cy. Applying this
matrix to the whitened FDN or DFDN outputs imposes the exact
target spatial correlation without introducing directional bias.

Therefore, the equation (VbDi/QVbT)(VbD;/) = M,M{
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